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Quantum Mech
5K() echanicg (Wlth
l}’[’)[,,-
ary, '

From (21a) and the uy (r) for k = 0, r = o 1n (13), we get

R\ sin PBr
= (1= )3,
“0 {l a]sinBR SESR

and with (13), for vy, we have from (12a)

o

1
L (‘“RJZ[ 1 R
3a

L . S
2R 2 2 a B tan BR sinZ BR J a4

If BR = [n+%)1l:,n

in terms of a and ry is

0,1,2,..;a stands to * = and (24) simplifies and the tota] Cross-goc:
“o73CCligp

2
4ma

l+a(a—r0)k2+[%ar()]k

13/5 SCATTERING BY A PERFECTLY RIGID SPHERE

A perfectly rigid sphere of radius a is represented by the potential
Vir) = {oo for r<a

0 for r>a
The wave function vanishes for r < a.
The Schoredinger wave equation (radial part) for r>a [V (r) = 0] is

1 9d(20 ) [(+1) 2mE :
o[0T Jwea =0

o = -
4

/

Suljstituting & = kr or r = é, we have

k
d )
Further substituting u (&) = 071% . (2
in (1,) we get
d2 2
| §2E12’+§%+[€2_([+%J]v,=0, .(3)

. , . 1
This is the Bessel’s equation of order l+5 - Its general solution is linear combination of Bessels

function J;+ 12 (§) and Neumann’s function N,/ (€). The solution Ni4 172 is not satisfactory since it
diverges at & = 0 ; therefore the solution of (3) is expressed as

v = (g]-ll-#ln )

Y. .
where \/ ( ) Jlb a constant chosen for conveience and it does not affect the solution of the problem-

u (§) =%§=\/(§]’fﬁ1€@
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Quantum Theory of Scattering
581

Now ur (&) = j; (§) in the spherical Begge|'s function,
n, te.

ne) = \/(iJ-’In/z(ﬁ) (4)

The spherical Neumann' functions are defin

ed as
n) = (- ‘*l-\/ T
Therefore th )= (zgjf—l—l/z(i) .(5)
erelore the general solution of (1) is expressed as
ur=Aji€)+Bn () (6)

where A and B are constants.

Forg — = Jit12 = \/(é)sin(ﬁ—%‘}
Lwyﬂb=‘Jf§)m+uﬂbkﬁm=ﬂﬂii£9 (7)

£ 3
g‘l,"}) ni(€) = - —ég——— ..(8)
Substituting A = Ccos & and B = — Csin &, in (6), we get
up = Ccos 8y ji (€)= Csin & ny (§)
| = C [jy (kr) cos &;— ny (kr) sin &] ..(9)
This equation represents the solution of wave equation for r>a. When r = a, the wave function
vanishes,
ie. u(ry=0atr=a;

then equation (9) gives
0 = C [j; (ka) cos &;-- nj (ka) sin §]
Ji (ka)
n; (ka) ..(10)

or tan §; =

This equation gives phase shift & for /" partial wave.

.2

Ji” (ka)
.2 2 (1)
Ji" (ka) + nj” (ka)

From (10) sin’ o =

- : . th . L
I'he scattering cross-section for | partial wave is given by

.2
4n 2 an 21+ 1) N

O/ = 5 (2l + 1)sin” & = —( —2—) 3 5 (12)

k j( +n

The total scattering cross-section 1s
.2 T
4m b

Ol = 3 L QI+1) 57— (13

k JiI +n f

From this equation the cross-scction at all encrgies may be evaluated.

Now let us discuss the following two limiting cases :
(1) Low Encrgy Limit : The low encrgy limit imphes the domain of k for which ka < < 1, we have
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