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UNIT V 0 
' l nu physics: 

Pl,1sma 1s sometimes ca!led "lhe fourth state cf , 1atter , beycmd the familiar 

three--solid, liquid and gas It is a gas m which atoms I we been broken up int0 free­

floating negative e lectroo.s cmdpos1hve ions, ato;;s which have lost electrons and are 

-- I j c~~:::::'.:'.::'.:=::'.:::::::::~ 

!eft '-''1th a positive e lectr ic charge . 
. , 

P\asm.a 1s a fo rm of matter in' which many of the electron s wander around freelr 

among the nuclei of the atoms. Plasma has been c.1lled the fourth state of matter, the 

, other three being so1id , liquid , and gas 
,~ -

_( l~ ~~~..::::. • 

Normally, the elecfions in a solid, liqmd, or gaseous sample of matter stay ivith the 

sam e atomic nucleus. Some electrons - can m;-ve from atom to atom if an 

.O< 

electrical current flo~s in a solid or liquid, but the mohon occurs as short 1umps by 

individual electrons between adjacent nuclei . In a plasma, a s1grnf1Cant number ol 

< 

elcctTop2 _have such high energy_le_v~ls that no nuduis 1..:rn l1_9ld_them 

An atorn 1.hat has lost some of its <:lectro~thereby :-itt,rn1ing .1.n electnc charge, i$ 

a!1 ion \\Then a gJ.S is sub1ected to beat:-or an <'l~rt, 1c tield , some oi ,ts .J.toms become 

r---
-- ~ 

ions, and the gas is said to be ionized _An ionized g.1 .... , 1111like a gas m its nom13J 

condition, can conduct elecbical cu:-rent to a !muted extent If the heat or electric 

field becomes extreme, many of the atoms become ions. The resulting super-ionized 

gas is a plasma, which can condu~t a large and sustaineq electric current. 
----..;;::._ 

;; 



Astrnphysics deal, WHh the phys,c, of stell"'J>.tlenomena that ace nch " u • .. nas 

under extreme cond,hons A few examples of astrnphys,cal plasmas •'<e • •en 
below.~ 

I 
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Natural plasmas close to earth 

( Oose to the earth surf~e the o~urrenre <&_E§smas is very limited. Life J 
C only in muchless than 1 percent of the univer~~-in - which plasrr.as do no 

~turally Two well-known examples of natural plasmas close to earth ar1 
belo9uroras - Visible glows resulting from the excitation of the atm~ 
atoms cm.d..-molecules, wluch are bombarded by charged particles that are --- . from the sun and deflect: d by the geomagnetic field 

t 

/1:.~ng - Higl1 curr:nt (ten.s to hundreds of kAJ ~ electr:c dischJ 
occur in th;atmosphere with an ordinary extension of a few kilometers . The ex 
source responsible by the genera tion of lightning is linked to the ~trodynall] 
the atmosphere 

The Space Geophy.2_ics Division investigates auroras an d atm_<?Sphenc c!ccbi 
phenomena a t INP_y 

\ 
~ seyl~ • 

In the_ past two d~~uccession of direct observations by satellites, and 
extensive computer s imulations, has led to the realization th t th ~ I • 

a e po ar 10nosph 
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plays a principal role in large-sca~netosphern proc <• ' /,<''i a manifesta tion of the physics linkage involved m solar-terrestrial mtnar t1 onr; Spatial / tempora l variations in hi l?;h-latitude electromagnetic phenomena, such as dynamic auro--;;;: ~ctrjc ficlds and ,.c:1:-rrg_uts, have proved to be µtt.ewet,, • ..com.,pkx. Now lh" challenge is to comprehend the vast amount of complicated measurements mad<' in this magnetosphere-ionosphere system of the Earth Thi~ boov ad dr<'r,srs tl v electrical coupling between the hot, but dilute, magnetosphcn c plasma a nd thr, rqld, but dense, plasma in the ionos~re.- ·ln fi.;; major chapters, llus book prc·s<;n t~­basic properties of ')nagnetosphere-ionospb?Ie coupling/ ~orphology of electn, fields and currents at high latituded; -~lobal mode.ling o_f m_~gneto~here~ nospherc> r cou~ingf-""modeling of ionospheric clectr~dynamics( ~ fut is~ues, ~ch as aurora l particle acceleration, substorms, penetration · 'h-lati tude fi elds in to l<>W latitudes. -

niform but time-de 
e from the Lorentz e force exerted by th e' magnetic ft Pld on r1 parti le is always normal to its velocity. Therefore, the m agnetic fiPld rann(Jt mrr<·d',r· the energy of the particle, and so energy is conserved during movmc nt 111 i1 pun·ly magnetic, time-independent field . Th is h olds whether the fwld 1s 11n1f, rrn c;r WJt 1/,' also note that d~v B = 0 as well, which puts restrictions on che v: <1 ys thr- f1,· ld can w ,r1 in space. ln the present case. this is satisfi ed a fortiori, as wf' II a c, ~ _j}_ lnc.identally, the field B doPs not conta in ar,y part due to the motwn cA tlw part.c !,, itself, just as the electric fi eld in the previous sechon d id not ,ontdin 1 rnntn but1 01, from the held of the particle 1tsel f 

3 
dr = dr '• w x rd\ 

/ 2 

1 
1' 

r is an arbrtr ary vector 
Increments in fixed and R.otatino Systems 

Newton's Law for this problem is dv / dt = (q/ mc)v x B. A suggestion of how to solve the problem is shown in the figure at the right. If we re-write the equahon of motion dv / dt - Cu xv= 0, where Cu= -qB/mc, the left-hand side is the time rate of chan g1 of v in a coordinate system rotating with angular velocity Cu, so the equation says that this time rate of change is zero. That is, the velocity v' in the rotating system 1s a 



conc;tant .t-Jothing t otdd be :-;i11111lu l11 ,1 n 1Iw,' 11 v 11 is r,•s ulvPd into . 

II I 
i ompurwn1s 

para r and ~w, pend rr.id,1 r lo I!, l hl n I Ji,, p,11 .1 IJ,~I r 11rn p, ,, H'n I is nnl I h ,ing,•d liy the 

rutcllHln dild re;: l 1111 " lt111I . IJ \\'1' 1·hon 1' 11J,, ,1x 1s su 11 1 ii t/ 11, 1,,1 tliwi iJ vii) ·· t 1 

_ 

• ' ' I ( I Y ;:i )1 Ill I It 

JS eqtwl .ind oppL) Ill' tu lli l' j>l'ljWildH l!l ,11 ( 1JlllJhHt~1il of lh1• 111111,il vl' lo1•i ty 111 11 1,,
 

nonrotatmg S} '>l<. m, lht•n !Iii '> p o11 11 u •mai11s /!\I'd i,1 tl1l' wtr11ing SY', ll·m, il nd rul..it•~ 

nbou t !hf' axis il l 1 fi>.cd d1':.ldnce r d1'll•n1111wd by 1111 \'n,111' rp. In gt>111 ral, flwn, th, 

p...irticlt• mov, s on a helix of r,HJ1u•, r ,111 d pit ch 11 ,vo,1 ,ar/ c,i tn .1 umfoml ma1311 el11· 

field A pos1 vc ch.irgr rntaks cl mkwis1' , t<; !i t l' l1 I.H·111G tlw pumt of Lhc mar,-rielw 

field arrow, t . ant1d()( twisl! ndmg on thl• p.irt1cl1• Jook1ng forward . 

rm o'r hf '"" W• 
1.>eam (· ~. ;~;-,""' -1 

oosou,~h low·tk~- J 
Cyclolron 

The angu lar freL!Ul'n(\' c,ic-= / 1Il/111t / 1<, Ldllul tr1t• c., tlntnn1 ln'<1uc1icy lt is thl? 

proJud, in radian:, pc1 .,ccond, ot the t h.1:1~c- ·11 t mu ,1nd tlw 1J1<1g11t tic t1elJ in gauss 

The period of one gvra t1on abou t the line (1/ ft,r1.e 1:, ·r = 211/c,) ,\n dtc.t1on, in a f1dd 

of one gau5s, has a cyclotron ficquL'nl\ ol ! 759 x 107 raJ1.m:, pu second, o r 2 80 

i\.1Hz \Vhen quoted in herz, the srr..i 1ght Jr t.>qu ency 1 ;:i]\\ ays meant A prc,ton, in a 

:held of 5000 gauss, has a cyclotion frl'quc>rKj of 17 9 MHz A 10 t\!e\' proton has a 

speed of 4 38 x 109 cm/s, so its radw s of gyratwn 1s 219 tm A l}'Clotron, as shown m 

the diagram at the left, with dccs about 5 m in J1ametcr, m .:i belJ of 5000 gauss, 

vv1th an oscillator of frequen~y 47 q MH7, could be used to ,11.cderatt? pro tons to th1~ 

energy The protons would be mJected .it low velocity at the center of the dees by 

10nizing hydrogen there, and could be extracted at 10 MeV a t the penphery of the 

<lees, after spiraling but, 'receiving two kICks of, say 500 V, per revolutwn Since the 

angular velocity is constant and independent of the particle velocity, the particles 

cross the gap between the <lees at constant intervals They would make 10,000 

revolutions while bemg accelerated A fLXed -frequency cyclotron produces a 

continuous beam, but is lirruted to 110 relati v1shc particles An FM (frequenn _ 

modulated) cyclotr')n, er synchrotron decreac;es the frcqucncT ils the in,1 5c; p( t)~e 

particles increases 

BO '+,-.:,.._x r = :~ ffi' ~ < O 

Ou! Of r 
page q > 0 

cycratron Motion 
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Cyclotron motion, or gyrahon around th-----uF,netic field, is illustrated in the diagram at the right fhe same initial velocity gwes loops below for a positive particle, m the direction v x B, and above for a negative particle. The kinetic energy of the cyclotron motion is U = mvo,perp2/2 = m(wcr)2/2. If the particle moves slowly relative to the cyclotron frequency, so that many rotations arc made in lhe time taken to move one radius r, or adiabatically, this motion is very little disturbed, except that the radius and cyclotron frequency may change as the particle moves into regions of different magnetic field . The total kinetic energy of the particle, composed of the energy of gyration and the energy in the direction of the field, remains constant as the particle drifts . 

The motion of the charge q represents an average current of q/1 around the parbcle orbit. Since the area of the orbit is S = nr2, lhe gyratory motion has a magnetic momentµ = (1/c)S = q2r2B/2mc2. 

time-dependent magnetic field 

lf the magnetic field vanec; with time, an electncal field is produced that is described by Faraday's Law, curl E = -(1/c)aB/at If we integrate this around the gyratory orbit, the average electnc field E along the orbit 1s given bv 2nrE = (nr2/ c)dB/ dt, or E _; (r/2c)d8 1 dt Thie; is permissible if the magnetic field does n0 t change greatly during one gyration, again th~ adiabatic condition The eciuat1on of motion is qE = mdv/dt = m(d/dt)(qB,-jmc), or (qr/2c)d8/dt = .(d/dt)(qBr/c) Then, (r/2)dB/dt = d(I3r)/dt = rdB/dt ➔ Bdr/dt Therefore, 0 = (r/2)dB/dt , Ddr/dt Multiplying through by r, we get d(r2B)/ dt = 0 or r2B = constant If this i!> m.ulhplted by n, we see that this means that the flu, linked with the orbit ¢ is a constant, and also that the magnetic moment is a LOnslanl This is a\ ery important result, that allows us to fi11d the radius of the orbit at any pomt as the parhcle moves, and combmed with the conservation of energy, how fast the orb:t :T,O\'cS m the direction perpendicular to itself. 

This behavior, that a change of magnetic field mduces a change in the current so that the flux linkage does not change, 1s called d1amagnehsm Since the magnetic moment is a constant, we can also find the forces achng as 1£ on the center of gyration by the gradient of the magnetic energy, F = -grad (µ B) B and µ are, of course, in opposite directions. A negahve charge gyrates m the opposite se~e to a positive charge, remember This g1Ves a force in the z-cim·Lhon, the direction of the magnetic field, of -µ(dB/d ). However, befo,e ,w discuss nnn11n,fo1 m magnehc fields, we must discuss omb nations ol elech 1c and 1nagnet1c !Jelds 

a heating by coalitional m~gnetic pumping is investigated theoretically. This treatment yields solutions to the er:ergy transfer equations in the ~rgy increase rate, which gives quantitatively the amount of energy increase per rf 

1 



driving cycle. The energy increase rates (or healmg rates) propo ti 1 
. 

,--,-- . . r Ona lo U1e first 

:ma second powers of the f 1eld modul.1t1on factor o (defined as Lf,e L. f 1 
-~ __ ra 10 o t ll' 

clumge in thl' magniluc.le of the magne tic f1elcl lo its bnckground de value) arc 

derived for llll arbilrary rf waveform of tht' pumping maenetic field . Special cases 

arc c.>..a1~11m'd,-;-ncluding the sinusoidal ancJ sawl<~ wavcfonn::._ 1he 

energy mcrcase 1 a le m the case of .:i sn ~ wavefoan was found to bl' 

pi onorl1onal to lhe f 1rst power of 6 (first or<ler heating) . This healing rate is many 

on! 'fS of magnitude farger th;n heating for the sinusoidal case: The Jailer IS 

pro )Ortional to Lhe square of 6 and is strongly dependent on the collisionality of the 

plasma. The _ use of a sawtooth_ ~mping wa vcform improves the efficiency of 

collision magnetic pumping and heati~g-rates comparable to those possible with ion 

or electron cyclotron resonance h ~:a ting methods may be achieveci) 

5.6.Static Non-Uniform Magnetic Fields 

Magnetic fields The experiments utilized a long and narrow yttrium iron garnet film 

strip magneti zed with a spatiaJly non-umfonn magnetic field parallel to the strip 

axis A m1crost11ptransducer wa ~; used to c·x,ite spm wave pulses while inductive 

probe imag111g techniqu es ('3Jwcre used to m;,p tlw .spahal evolution of spin waves 

dui mg propag.itwn :n a non -unifo1111..'11cJgnvtll f1 l· l<.I , th ,. w;,vckngth of the spm 

\•.rave earner I hange-. wh1lcs the f1 equ e11,y n ' 111a111sconstant Specifica!ly, the 

wavelength 11111 c·.ises in a spah.ally decreas ing fwld and decreasesm a spat1allv 

rnc1 edsmg field , see Figure 1 This response 1:. nssocwtcd with the spahalchang0 s of 

the .spm \ '\'il\'1' d1~persion respons~ whi ch re~ ult'i 111 a wave number and 

velocitychange 1)f the propagating pulses 

II a Expcnment I Iarc.lware Desi~1For this proJPl t mc1ny different types of work were 

requ1rcc1 mcludrng mechanical design,m.ichmc -,hop met,1J work, comput<'r 

modeling, and programrrung. 'The mech,rnical des ignand rnachmc work was 

required in ordl'r to fab11cat<' a f lruclure wh11.h we 1.ould use tostuJy spin waves 

propagation in spatially i;ion-uru/ onn rnclgnclte fields l he design work was clone in 

Turbo Caci. The design was mad& such that probing de\. ice.; could be placednear the 

sample surface in order lo p{obe spm Wdve ext 1tahons, as well as measure 

magnelicfield d1slriblttions. The ~;tructure designed Cl)ns1sts of a stage, and two arms 

whilh house3(a) C.,trncture 3d viQw(b) Structure Top VwwF1gu1e 3 30 ,md top views 

of the sl1 uc-ttrn' 1n 1 u1 bocad 4(10 Arm <l1mL' ns1ons(l1) '.-il,11;1' d1mens10ns Figu 1 L' 4. 

Struct11n· dmwns1011<; SF1gure 5 r1111<.lwd ½t1uc lu1L'l\\'n m10<• strin J,.,,, 

t1ansduu•rs/ p,1d which conned lo two ::iMA pnrts f n1 input/ ~1utpul of nucr~wavcs 

The SMA ports c1J1• use<.! to counle mJcrowa\ l' r ,1 d1.it1c111 to tlw 11 ansducers which m 

Lum will c•xote spm waves 111 our· YIG sampk• 

A schematic creatt>d in turbo oad is shown 111 hrrure 3 ·1 hn dm · f t1 
o -. 1ens1ons o 1e 

structure ar~ shown in Figure 4. The Stage and armsof the structure is composed of 

scrap alummum (no cost) an obtained from the phvsic"111 .., h. h 
' . uC me s op Th<' 



transducer pads b · d • 
· -, 

were o tame m the lab (no-cost), and the SMA portswere 
purchased from Coaxicom for P /N: 3215-SCC-l $9.99 ea. The assembly of the 
structure was done via holes tapped for 2-56x3/16 with and non-magnetic socket 
head screws from Fastener Express P /N ASHC0203. The structure was fabricated 
using non-magnehc parts A picture of the finished structure is shown in Figure 5 
This structure allows for transducer 

input and output, and enables one to position probing mecha~ms near the sample 
surface The system used for in this project consists of a three axis positioning system 
(OWIS),and several types of hardware including an oscilloscope (Agilent DSO 
81204A -12GHz),M1crowave source (HP 83623B), Pulse Generator (SRS DG535), 
Spectrum Analyzer (Agilent6Figure 6: Leakage Field ScannerE4440) . For this project 
posihonmg and da~a acqu1s1tJon softv,are was needed in order to position probing 
mechanisms near the <;ample surface and record data 
The hvo probmg mecharusms include a custom mductive loop probe for leakage 
held detection near the ) !Gs ample surface, as well a standard Magnetic field Hall 
probe for measuring the distnbution. Also numerical computation software was 
required. to decode the acqu11 ed data Positioning and data acquisition sofhvare 
were wntten m Lab\ 11?\\' T,, o different programs\, ere required for the two types 
of data acqu1-.1t1on O1w sc.1nnrng p1ogram was wr:tten to scan the kakage fi<?!ds 
near the sample su1 f.1L L' \ .._eccnd program was written tl1 measure lhe lleid 
distnbut1on ne.Jr the ,,,n1plL· ,,1th a Hall probe In Both (ases the probes .:ire mounted 
( n the tlu<.'L' a,1<c pu:-1ltl'llllll_; <;\'Skm Scans involved both 2-0 sp.1t1al scans and 1-D 
spatial SL,1ns ln ,111 l ,1'-l" d,tlJ .1cqu1s1t1on was archn ed thn:rngh thL' use of GPrn 
connection~ to Jesired 111,t, urn<.'11h I 11.?ld D1:c-tnbut1on,; were me.1surLd using the 
Lab\ It'W prO£;Y,1111 and .i I \V Bell lJ,OO Gau,s meter All rne.:i5urernents for the first 
expenment wen:- prl'f,H ml'd with thL' 111ductl\ e loc1 p p1nbL ~F1gun' 7 Field 
D1str1but10n ~canncr8D 'l,1 c,1mpul,1l!Pn software wa:c- \\ nlten m l\1ATLAI3 Orn:-L 
data files Wl'fl' obtamed lnnn the rnstrument.ihon t\lATLAB was used lo e,tract 
unportant feature'> 1rl1111 the d,,t,1 Figure 6 and Figure 7 are screen shc,ts of the 
inductive probe scanner pwgrari1 for detechnleakage fields and held scanner 
programs form rneasunn~ the l1L'IJ J1sl11but1ons 

[ 

1 t] 

3 
3 
j 
J 

j 



~clic bottle an"._:oss cone 

,6~ 

Ve_~ 

~~ 
!lu_s image sho~s how a charge particle will~ along the magnetic fields 

ms1de a magnehc bottle, wluch is n:vo magnetic f!"l~ placed close toget)1er. The 

particle can be reflected from the dense field re~ion ang will be trapped. 

A magnetic bottle is~ magnetic 1~pl9c~d closed togetB~r. For example, two 

parallel coils separated by ;; small distance, c~ the same current in th~ ~e 

~n will E,EOduce a m_~.g~~~x ~ e between t
1

hem. Unlike the full mirror 

~ne which ty pirnlly had many large rings of current surround111.g the m1dcl le of 

the magnetic fi eld, the bottle tvp1cn lly hRs 1u st two rings of current Parti cle:; nea r -~rend of the bo ttl e expem~nce a magneti c 1orc~ towa rds the center of the region, 

particles with ,1ppropn,1te s peeds sp\ral repcdledly from one end o f the rcg10n to the 

other and back l\lzignctJC bo t..\l_es ::an be used to temporc1rily trap charged y.r,rt1cles It 

is easier to ~electrons lh ,rn ~· beca use elec trons a re so much ltghterTh1s 

technique 1s used to confine very hot plasmas with temperatures of the ord er of 

106 K. 

In a similar wa y, the Farth's non-uniform magnetic fi eld traps charged particles 

coming horn the su n 111 doughnut shaped regions around the earth called the •~ 

Allen radiation belts", wh ich werP cli.,covered Ill 1958 using data obtamed by 

instruments aboard the f-xplorer 1~C 

Magnetic loss 
~--= 

Consider the 1rnportan t case in which the elec tromagnetic fields do~ry 

1~e It immediately fo ll ows from 

d£ 
-= 0, 
dt 

J~ 0 
---~,; 
~\/ 

m 2 2 
£ = K + e cp = - ( u11 + v E ) + µ B + e cp 

2 . 

clr. --cl\-

'<-h 
M 

L 



. th cp 
is e total particle energy, and is the electrostatic potential. Not surprisingly, a 
charged particle neither gains nor loses energy as it moves around in ~e-

~arying electromagnetic f~d~. Since both_£ and 
can rearrange Eq. (115) to give 

µ 
are constants of the motion, we 

£ > µ B + e cp + m vl/2 
Thus, in regions where charged particles can drift in 
either direction along magnetic field-lines. However, particles are excluded from 

E < µB+e<fJ+mvl/2 
regions where (since. particles· cannot hct:v_e imaginary 
parallel velocities!) . Evidently, charged particles ~ust reverse direZtion at those 

£ = µ B + e cp + m vl/2 
points on magnetic field-lir,es where . · such points are 
termed "bounce pomts" or "mirror points.' Let us now consider how we might 
construct a de\ ice to confine a collision less (1 ::>, v2ry hot) plasma. Obviously, we 
cannot use copvenbonal solid walls, because they would melt. However, it is 
possible to con.f1!le a hut plasma using a magnetic held (fortunately, magnetic fields 
clo not melt

1J: tlus techrnque 1s caJled magr,etJC confinement The- electric field m 

E«Bv ExB 
co•1f1ned pL:i::.mas 1s us ually i-veak (i e, ), so that the drift 1s sunilar 
111 mngrntude to the magnetic and curvature drifts In this case, the bounce pomt 

Uu = 0 
condition, , reduces to 

£ = µB. 

C.ms1d er the rhagnetJC field configuration shown in Fig. 1. This is most easilv 
pi oduced using tv,•o Helmholtz coils Incidentally, lh1s type of magnetic confinement 
dcviLe 1s L,1lled a magnetic rnlfror machine The magnetic field conf1gurat1011 

nb\ ll'ush· possesses axial symmetry Let z be a coo1 dmate which measures distance 

al,,ng th <-' .:J'\1s nf wmrnctry Suppose that z = 0 corresponds to the mid-plane of 
tii, · JL \'1u· (1 e, haltwav between the two fie?L'. . _ .: ~ 



B(z) 
It is clear from Fig. 1 that the magnetic field-strength on a magnetic field-Ii 

Bm1n 
situated close to the axis of the device attains a local minimum at z= 

lzl Brruu 
increases svmmetrically as increases until 1caching a maximum value 

about the location of the two field -cods, and then decreases as 

mcreased. According to), any particle which satisLes the inequality 

lzl 
1s f urt 

b trapped on such a field-line In fact, the particle undergoes penodic motion ;il 

the field-line between two symmetrically plc1ced) mirror points. The magnetJC fie 

strength at the rnuror pomts 

~ 
Eminar = __ P B-ri:iax < Bma--.:• 

µ 

µ = m v 1/ 2 Brrun [ = m ( v 11
2 + v]) / 2 

f\low, on the mid-plane ;:m e.I (n b Fro 

v = v!I b + V.1. 
now on, we shall write f f · ) , or ease o notation. Thus, the trnppi 

lomht1on reduces to 

~ < (B /8 . - 1) l /2 
\v.1.\ max mm • 

Particles on the mid-plane which satisfy this · 1· . . . mequa ity are trapped: particles whi 
do not sansfy this mequality escape along ma2-r,etic field-lines CI I o . ear y, a magne 



mirror machme is incapable of trapping charged par ticle., which are moving para llel, 

or nearly parallel, to the direction of the magnetic field In fa ct, the above inequality 
defines a loss cone in velocity space-see fle . J. 

~· 
Figure 2. Loss cone in velocity space. The particles lying inside the cone are not 
reflected by the magnetic field 

It 1s clear that if plasma 1s placed mside a magnetic mirror machine then all of the 
particles whose vcloc1hes lie m the loss cone promptly esc<lpe, but the rcmammg 
part1cl cs arc confined Unfortunately, that is 11o t the end of the story There 1s no 
s uch thmg as an absolutely col11s1on less plasma Collisions tc1ke place at a low rat£.' 
PV£.'n in very ho t plasmas One important effect of collisions 1s to cause d1ffus1011 ot 
particles 111 velocity space Thus, in a mirror machine coll1s1ons continuously scattpr 
trapped particl es into the loss cone, giving rise to a slow leakage of plasma out of the 
device Even worse, plasmas whose distribution functions deviate strongly from an 
1sotrop1C Maxwell an (e g, a plasma confined in a mirror •nachme) are prone 
to velocity space ms tabihhes, which tend to rel ax the d1st r1uut1on funcllon back :o a 
J\ laxwell :m U emly, such mstab1lit1es are likel y to h.we <l d1sc1strous effect on 
plasma confinement m ,1 mirror machme For these reasons, magnetic mirror 
machmes are not par ticularly successful plasma confmement devices, and a~pts 
to adueve nuclear fu n usmg this type of de\ ice have mostly been a bandon7 

A8.l\1HQE io 
1 

1\.1;-gneto hydrolh nc1rrucs (MHD) (magneto fluid d ynamics or h ydrnmdgnd 1rs) 1::, the 
study of electncally conducting fluids E"\ a111ple<- of ,;uch tlu 1Js 
include plnsm,,s l1qt11d metah;, and salt water, or ~tes 1 lw \• ·0rd m,1gncto 
hydrody~ (l\lHD) 1s denh:c; 1iu111 magneto- me.u:un magnt he field , l~ydro­
mearung ~ and -~namics meaning movem_gpt The fie d of MHD was initiated 

by Hannes J\lfven, for wluch he received the Nobel Pnze in ys1cs m 1970. 

The fundamental concept behind MHD is that magnehc fields can induce currents in 
a moving conductive £1{i1d, whic~n creates forces on the fluid and also changes 
the magnetic field itself The set of equations which describe MHD are a combination 
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of heavier of flt11tl 1L I "' '{ JI' · f 1 t x_narrnc:s <111, 1v ,1xw1' s 1)quat1ons o <' cclromagnctism 
These <.hffcrcnt1,1l cquatmrn, l~ o be solv<'d s irnult.irwous ly, eilher analyl1call 
or numcncally. 

Ideal MHD cquahons 

The ideal MHD equa lions consist of the conlmu1ly egualloo, lhe C.auchy momenlu 

equation, Ampere's law neglerlinB d~laccment current, a~ ate~ eralur 

evolu t10n ~on As with any fluH I clescnptirm lo a kinetic system, a closur 

-ap-prox1mation 1-:1us l be appi1ecl lo lughest moment of ,th e particle d1stpbution 

equation. This is often accomplished w ith approximations lo the heat flux through a -condi l10n of adiabatici ty or isolhennali ty 

In the following, !!_is the magnehE: fie ld, E is t.he electric ·field, ·y is t~k 
plasm~elocity, J is the current density,~1s the ~ity, P 1s the plasma 
pressure, and t tSllme The contm 1 11 tv egual1on 1s 

ea --;--)· + v · (p V) = 0. 
ct 

The momentum equc1t1on 1s 

p (%t + V. v') V ~ J x B - v'p. 

The Loren tz force term J X B can be expanded to give --
(B - V) B ( B

2
) J x B =---- V - , 

p o 2µ o 

where the first term on the n ght hand side 1s the magne ti c tens ion force and the 
second term 1s the magne tic pressu re force Th e ,tleal Ohm's law fo r a plasma 1s 
given by 

E + V x B = 0. 

f-araday'c; lc1w I'> 

BB 
at = - V X E . 

.J ~ The low-frequency Ampere's law negl~cts displacement current and is g ive n by 

8> J-i.oJ == V x B . 
9),.9 ~~O ~ ·:.. fl Yf3. • ) -:» The magnetic divergence cons traint is 

.,~ 
:•-liiiiiiiiiiiiii-----;,,,,,.,,;,,_,. _ _ ,I _________ _ 
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whv11•' ;)/J 1·, llw 1.1tio of •,p1uf11 lt t> .tl s for ,ti\ ad1aba l1 c 1•qu,tl1011 of !-ila l<· Thi•, 

ern·rgy t'q11.il 1u11 1s, of c"71111•,t•, op)y ,q1plt(ablc 111 the absence of shocks ~r hea l 

conduL l1on ,1s 11 ,1•,s unws l!t ,1 1 llw (•11t rnpy of a fluid element does not chang7) 

a •nefc l½:Jnold'-t nmnb1•1 

, rwt1c H1•111olds 11uml>c·1 is ,1 duncnsionl ess group that occurs in magneto 

hydrody n,m11cs It r,1vcs ,in t''-t l11nat(' of the effec ts of magnetic advection to 

~1agnclte d1ffus1n11, ,md 1s typtt,ill y <ldmcc.l by· 
0 

UL 
Rm = N 

I l 

\ Vh1 •1 (' 

U1"' .i ty p1l·.1l Vl' lutl l} •,t.t !v uJ llil' 11 ,~··.v 

L1'-t .1 ty p1 t,1l knfth !:i(.J)1 ' nf th L· flu;v 

7/i c: tli l'. m,1gnl'tte d1ffus1v )ly 
-< 

~ '(\ ~ '6 () 

For Rm -4:: 1, ,1 dv t• tl1 o n 1s 11 lt1t1 vt> I)' 1lllll11portc1nt, am! sn Ilic m,1g1wt 1L J1eld w ill ------te nd tn n l;i x tuw,1nis .i p11 1vly diff us ive s tilte, determ11H'cl L,y 1111' bournl.1 1y 

co 1d1l1011s rathu lh,111 the fl ow -
For nm>> 1, d1ffus1011 )', 1,, I.111vpl y lll111111)mlant on the length SC,111' I l· lux l1m•<, o f 

the m agne ti c field are tlwn ,Hh o,a tc·d w ith the fluid flow, until '> li t h tune ,1s 

gra di ents arc concen tr alt' d 111t o n<g1011s of sh o1 t cnoue h knr;th sc,d c: 1h .1 t d1flus1011 

can. balance aJ vec t10r1 

_ ;.,,.~==--d_. I a s m .1 

A pm 11s the ~om~n'ss1on of ,111 l' lt1 trn ai:y cundutlll)g~t b\' 11'.,:.:1;11, •11, lo1c1 r, 

The conductor 1.s u s u,1l! y a p L1s11~, but u1u ld ,11.-,o b~ a <-.o ltd m liqt11d m, t~1l In ,1 , 

pmch, the u 11 rent 1<-.~n tl w / d1H·tl1un 111 ,1 cyl111d1 1c;i l coordm,11,, .,, , 1, 1n) ,ind 

the m ,1gnct1c field,\;:;.,"";"" , 111 ,1 th e t,1-p1lld1, the LUrrenl 1s az1mutli,1l (111 thP tlwta ----c.lll'ec t1 nm cylmd1 ical coordu1,1I(''>) ,md lhL· rn<1 3net1c field~ 1 he plwnunwnon 

m al o be referred lo ;is a "~eru1ctt p1mh" (after Willard Harri son B<•nne tt), 

electromagnetic pmch","magnetic pinch", "pinch effec t" or "plasma pmd1" 

r~ 

\ 

~o 
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Pinches occur naturally 1 · 
m r ectncal disdrnri'<!!> such 0 ., r 1 . 

bl tl ~--- , ,., tg\lnmg 
~, 1caurora, current sheet.'>, and solar f1ar~s . They arc• also producN'. II\ the 

labor~tory, primarily for research into fus10n powe~ but also by hob~ts (cru::Jung 

alurrunums cans).[citation needed] section of the crushed lightning rod studied b
1 

Pollock and Barraclough. 1 he rod is in the collection of the School of Physics,Sydncy, 

Australia . -

Pinches are created in the laboratory in equipment related to nuclear fusion, such as 

the Z-pinch machine, and high-energy physi_fs, such as the dense plasma focu:; 

Pinches may also become unstable, and generate radiation across 

the electromagnetic spectrum, including radio waves, x-rays andgamrna rays, and 

also neutrons and synchrotron radiation Types of pinches, that may differ in 
~ ---- co____-

geometry and operating forces, include the cylmdncal pmch, inverse pmch, 

~h effec t, r~ed field pmch, sheet pinc~crew pinch (also 

called stabilized z-pmch, or 8-z pmch),theta pinch (or thetatrnn), toroidal pmch, 

ware pinchand Z-p1nch 

Pinches arP us0ci to (;C nerat e X-rnys, and the intense magnetic l1Lld<; !?,L'nerated are 

useci 1111·ledr,,m"1'nLt1c fonrnng u f metals (they ltave been d~1~tr,1kd ii,mismng 

nlurninuii1s 5,.ift drinks c,ir1-;) fhey bw\.? appl1c<.1t10,~c, to pMt1clc 

beam_, 1ncl11J!r'g p,irt1cle bea~~c1pon~ and nstrophysics 

One-d1mc-ns1on,d Lnnl1gur~t1uns 

1here c:ire three ,rn olytic nne u1mr-n,;,1nn.il conf1g11r;it1ons generally st11d1ed ll1 pl2sm<1 

physic'> 1}w.',P .ire tlw fl -p ,ri• !i, tlie /.-p inch, ,incl the Screw r,mh All nl the cl.issrc 

one Jitrll ' l,Sli)n,1 1 pi 11c}wc; 7 1 e c_,r l111drH.,ill v s'1,1 1wd Syr.uneln 1s .i :-.urned 111 the•~ 

~J.fli.lU.lD-- ,wd 111 tlw ,1zm1uth,1l J...Ql d111•,l1on It 1s trad1t1onilf tn 11a111L· a nnc­

dimenc,i()nal pmrh after the d1rectwn in whteh the current lravt?l s _ 

I he 0 pinch 

--------~-"':!"•••••IJ••-•---2.:...1~ ~~ 1 

• I I.' 

~±J±[Jt 1-::~~F, 

The 6-pmch has a magnetic field traveling in the z direc tion . Usm~~ i\mpe1e's 

law (di~carding '.he d,s!Jacemenl term) 

'iJ x B = Jlo;/ _ 
/'.'-



B == B::. (r)z 

- 1 d d A 

110.l =- - B_f - - B tJ 
r d0 - dr :; 

Since B 1s only a function of r we rnn sunplify th.is to 

So! ~oints in the 8 direction. 0-pinches tend to be resistant to plasma instabilities 
This 15 due in part to the frozen in flux theorem, which 1s beyond the scope of this 
article. 

the Z-Pinch has a magnetic field in th e O direction Again, by electrostahc Ampere's 
Law 

'v x B = J-tof 

B = B8 (r)0 

I d d 
1101 - -- (rB0)z - -B0 f 

r dr dz 

1 cl 
-i (rI3o)z 

7 (. ,· 
110.J 

C,o J points 111 the z direction Since pa, ticlcs 111 c1 pl<1sma bas ica lly follow magneti c 
£,elci lin t:s, Z-pinches lead them Mound in < 11 dcs Therefore, they tend to have 
<~:>:cell<.:nt confinement properties 

The Sl rew prnch The screw pinch 1s <111 eHo, t to cnmb,nc the s tabd-ity aspects of the 
(J pinch anJ the confmement aspects ol tl1l' /-pind1 Referring once again to 

Ampere's! ,aw 

V x B - Jlof 

But this time, the B f1elcl has d 8 compurn.: nt ,111ti .: 1 \ 11111~'u 11 crt 

1J flg(r)O + B:(r)z 

1 d d -
- u·IJ0)z - -d B :O 

r dr r 

So tfrn, time J has a component in_ the z direchon and c1 component in the 8 direction. 

Two-dimrns10nal equilibria 

1 



A toroid a l coordinat .- t · . . 
e .,ys c>m m common use m plasma physirs Ihf-' rF-d arrow 

111d1c-ates tltepolo d Id . l (B) d J- • • i a 1rec 10n an t 1P blue arrow indicates thP toro1dal direction 
( rp) 

A common problem w ith one-dimensional equilibria based machines is end losses. 

As ment ioned abovf:', most of the mohon of parl1dr·s in a plasma is directed along 

th e miJenelJ<: f1elc.l With the 0-pmrh ,rnd the snew-pmch, this !~ads particles to the 

t'n rl ,,f th,· nwcltuw ;.,c-ry qu1d:ly (a<, thr> particlP'.; rlf'' typically mc,ving quite fast) . 

;\dd1twn,1J]y, tlw /.-pmch hdS mctJOr stability probl1 ms. ·r hough particles can be 

r1:J lee led lo <;r1rne ex'r-n t with magnetIC rnirrcm,, e•;r:-n these all,J';'/ many particles to 

p,t'>'> ·1 lw most common method of rn1t1gc1ting this effect is to bend the cylinder 

dTOund mt<1 a torus Unfortunately this breaks 0 symmetry, as paths on the inner 

l'"i t1nn (1111Jo.,rd side) of the tr1rus a re shorter th,m similar path!> on the outer portion 

(011tboard sid e) Thus, a new theory ~ .~ needed This gives rise to the famous Grad­

Shafranov Pquatio n 

1 h f' one dimensional equ ili bria prov1clt> tlw msp1Tat1on for some of the toroidal 

configurations An example of this 1s the ZETA device at Culham England (which 

also oper;ited as a Reversed Field Pm, h) I he 1-:iosl well recognized of these devices 

1s the toroHiiil version of the screw pmch, the ·1 okamak 

Numerical sc,lution ,;; to the Crnd-Shafrnnov P4uat1on have also yielded sc,me 

equ dibna, moc;t nota bl y th a t of then' n<~cJ field pmch 

I hrr•(•-dtnll'ns1nn,il f' <jlld1b1 1 .. -----f hen, does not exist a coheren t anal; t1 cal theory for three-dimensional equ1libna 

fhe genera l approach to fmdmg three d1mr>rl'>1011al equil ibria 1s to solve the vacuum 

ideal MHD <'quat1ons Numerical sol uti ons have yielded designs for stellarators. 

Some machines take advantage 9f s1mplifica tion techniques such as helical 

symmetry (for example University of Wisconsin's Helically Symmetric eXperime~ 



- r: ~w I nnctt r l,1lion 

/ 2'i{,,',',;;;', ,I 9lindd, ,, I wh,mp nl I" lly umi"'! I <Jll,1s in<'11I, .ii pl,, ; rn,,, w,I h ,HI ,,xi.ii 

j''l<•( lltl lil•ld., prndt1t·111g .in ,1x1,d c.lllf<'Ill cl1•n.c:ity!..j'- ,11HI .t ~'•'.>ci.'.t.ed ,171~1uth,d 
/ ;11.1~rwt1< fwld, B. As tlw ttlltl'11t £low1,7Cirm1eh rts own m.1g1H l1t; fl< Id, ,1 pmd1 1s 

gt'fll'ft1frt1,:~;,1;-:;-;1 inw,1i;c! 1,1elial forn· dt•nstly of J X Tl In il :,te,idy 5 1,lll' with !11rc f'S 
' \' " ''· l•, ' b,tl,1rn mg n ,-f' \ , \ \\ -,.J'.,~vJ .. r -;:-· " 

( )..0 .,...\ r. t 7P ,r ( v (' ' ,..... ' ' i,1 ) 
Vp \7(pt• I pt;/- j X B ,-; p . J ( f-' 

~ " rs 
wheH• \7p 1s the magnetic pressure grc1d1cnt, pe and pi is the electron and-lQ!J 
prcssur.cs n,en usmg M-axwell's equa tion \7 x ~!Q.J and the ideal gas law -=, N k ' ____ __,__ ~-
T, we dc11ve ~ . 

2Nk(Yc + I':) 

the Dennett I clat1011) 

Po fl 
hr ( 

f'icl ' rv\PT ,,,-=-f- Il k.I 

wht>re N 1s tlw numbt:r o t electrons pPr unit length alone the axis, ~l'e c.tnd / 1 arc the 
electron ,111d 1~ tcmpcr.:tturcs, I 1s th e tot,d bc,1m current, and 

I: 1s the ~ltzmclnn c.onst<1nt 

fhr gene1 ,1! 11ed Bl'11111 ti wl.1 t1on 

The Prn, r;ilizcd Rc11netl I L'l.1t1on considers a current-carrying rnagnet1c-!ield-aligned 
cylindma l p lasma pmch unc..lergomg rotation a t angular frequency w 

The Generalized Bennett Relah~n considers a current-canying ~-fie_!_d­
aligned cylindrical plasm a pmch undergoing rotation at angular frequency eu. Along 
the axis of the plasma cylinc..ler flows a current density jz, resultmgih an azimuthal _.l 



r 
~ 

~ 
IL 

- lb"?,-

magnetic Hchi Bl(I. Ori 1 • ·tll . 
results in:- .._,_ gin. Y <lenve<l by Witalis, the Generalized Bennett Rgj.ation 

.._ - I If (ii:.\ · 1,)it" 

(
! a2 Jo - I JJ ~l ,, I 

4 8fl - lV.Lkin / liWE/+ .6W.a( + .6W✓.:..__ µo J2(a) t · 
87f I 

~wn2
N2

(a) -f- t7fa-2Eo (E;(a) - E;(a)) ) 
wh~re a current-carrying, magnetic-field-aligned cylmclric:al plasma has a 

radius a,JO 1s the tot,t! moment of inertia with respect to the z nxis,W j_kin is 

thk' · -~ meti~ ~rer ~~•H _leng_th_ due to beam ~tion rransv_use to the ~earn 

axis 1s the se -consistent Bz energy_ per unit lengthWEz is the self-cons istent 

Ezene g_y p.e.r unit length Wk is_.thennokinetic energy per unit lengthl(a) 1s the axial 

L- current inside the radius a (r in diagram)N(a) is ·the total number of parhcles per urut 

lengthEr is the radial electric fieldE<p is the rotatibnal elechic fi el<l 

The pos1li\'t' te1 ms rn the equ.:ition nrc cxpansional forces wlule the negative terms 

1eprcsent be.:im compressional forces 

rhe Cai lq\'ISl J elation ' ~-

The Carlqv1..;t Relation, published by Per Carlqv1st in 1988, 1s a spec1<1li?a lH1n of the 

Cener,1lized Bennett Relation (above), for the case that the k 111et1c pre""~ire 1s much 

sm,1llcr ,it the border of the pinch than in the inner parts. It tc1 kcs the form 

I I 

l 

,md is applicable to many space p lasm;:is~ /. . ,\ t .. 
1

1 r' 
.\'; . - '1 f'/' I<,) •• , . , 

J 
_. I ; .>.' ~ (:_,I f"\ I, ~ \ ,. BENNETT PINCH 

·.q1' Totl l Current Iv-; tlumbor of P a rlJclc~ per Unit Lc ng!h N 
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The Beru11 tt pmch showmg the !_otal current (I) versus tl,.: n umber of part des per 
_unit lc~th (\J) The chart illustrates four physica lly disti nct regions The plasma 
temperatur':.~ 20 k th£' mean particle mass 3xl0-27 kg, and 6 \i\'Bz I th excess 
magnehc energy pc:r unit length due to the a,ial magnetic f 1eJd Bz. The plasma 15 

assumed to be non-rotational and the kinetic pre:,sure at the e dge.sis much smaller 
than inside 

The Carlq\'Jst Rdahon can be tllustratrd (see n ~ht), howin ; the total cu rren t (I) 
ver.suc; th. numbLr of p1rt1des 1•er unit length (1'1) 1'1 a Ben 1ett pinch. The chart 
illustra tes four ph} 'i1cally d1shnct regions. The plasma temperature 1s qu ite cold 
(Ti =Te= Tn = 20 K.) containing mainly hydroger. witl1 a mean particle mass 
3x10-27 kg 1he thermokmet1c rnergyWk >> na2 pk(a) . The cur,·es, u\VBz show 
different amounts of excess magnetic energy per unit leng th due to the axial 
magnehc f1t.!ld Bz The plasma 1s ;issumed t9~!;,e noD-rotational, and . the bne tic 
pressure a t the edge:; 1s much smaller than msidJ:.t ·, ., 

~gions (a) In the top-left region, the pmchmg force d om ina tes (b) fo\\a rds 
the bottom out\, ard kmelJC pa~:;sures balance mwards magnetic pressu re, ,1nd the 

total pressure 1c; l , rn,t.,nt (1) To the r ght of the \ert1 ca l l·-ie \\'.'Bz -O, the magrtht 
pre~sun:.s bat m e•' <; l llt: grm 1t,,~1,>n.il pressure, and •h -iu, 1 ing forct' 1s neglig le­
(d) To the iett of the '> lnpmg L ll ,\t. \\,\'Fz = 0 che na\. 1 ) fl ,r al force 1s negligible 
Note that the, hilrt - h o \,,;; a "J-"'CI,11 ra,e vi the Carlq\ 1s: rel .:!tu.m , and 1t It 1~ replaced 
b\ the more gf 11era l Bennet t r ·l.1t1on then the designated regions ~r ,} c. d 1.irt ,Ht.: not 
valid 

Carlqv1st further n0te-, that b\ using the rela ti ons abo\ e . , nd a denva ,I\ e, 11 1s 

possible :o Jescribe the 13l'nne tt p inch theJeans 11 non (for ~ rav1:.it1cn ! 
mstabil1tv,m one and two i:limcn,111nc:), forc(-free m gnet1L f1d ,fa grav1ta t1< nail\ 

balanced magm he pre<,-; ures, .1r,d cL' tHlnuous trans it ns bt:t\,'Cen these s ta tes 

~!it, Hve d;,cussio n o n so u• n s tabi~I)· 

One of the earlies t photos of the km.k instability in action - the 3 by 3s cm pvrc, tube 

a t Aldermaston.A kink ins tah1Iit y, a lso oscillation or mod e, is a Ll,1ss - -\. ---· . 

t>!, 
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of magnetoh d"\J ~ nyd rod vn -1r . 
thin plasm~ flJC lr l!, f,1bl11 11,•· 

a colu mn c , -- - ' 11h11 h c,rn •linu ch vPlop 
column th '" r ryi n i~ ,J ', l rr,n1, 1 . 
- e mar!ne tic f - , ,I / · 1 uu , nl If "..- 111k' l Y,ll, to d ·v ·,<,y 
o ts· d ~ ore l " , <m I l u f u I e, Which le d . · in•,,, 1 11f tf I kink b •torn,. lan,1•r tl 2ntt- c,, t 
r-=-:-- a f, to v,rc,w1 I r I ' ~ ~ 
tne p lasma kink 1 1 

' 1 ' 1 I 1" p•·rl1 irh,1 • 1,,11 / ;.•, it rJ, 11 J,Jp·, at fi;, d ar , 
, s oe OIIY. to tf ' I ., ,, -

convective p ' H ' •1 - , 1>f ;il;-,,,lut,• pl,1'irna m<Jt.ab1lit <>s , ;;• opp') ~d 
rocessc.·~ n ,. ,_ _ 

Pinch fus · 1 r.1ril-: Jn•,t,11nli t1 111, ·, fir t •mddv <>:,,p)c,red 1; tl:e Z-
ion powe I . , 

r m ac 11 n, ... 111 th, · J'J ',O. 

The geometrical conr ' 
ti
. 1f'_,U rulto11 of thP pr<,blc-rn 1, ill 1, rated ir - c.' 

mo on in the fr '-
..---- - - am ew orr of mcorrJJrt: •,il>lc 1dPal tliHfJ for a r' r 
h a:, the following form, - - - -

[
av 1 

p -
0 

+(V-V)V +VP=-rB 
t 4n 

where p 1s the plasm a d ensit y, V 1s ti P pla'>ma L 1 r 1 1.ccity, B 1s tr.e ,~" 

a nd P JS the to tal p ressure Lr l~ con ~" ,..,d de~--;:;- c, - --<=-~;,;;,~ = ~ ,;,., 
c:::i;:.. '<:"~_;,;_- &:;::~:,;.;.;;,;_-

placed a l the eer ie r of tl~r 1.urrcn l l .. , u In tht t:qu1lil>num t.Jt , 

_fJ,Hlwn t co1!lpens,1 tl'.S tl w 11 rng 11 e l1 l l t· 1•c.1 •JI 

,\ .small d!sp lacem:,_n_~~ u f this p lac;ma element ,1lon,; tha -d .:-ec~ e cs t '= 

rc:s tormg fo rce~ which 1s the ci1fftrL'nce of t·so force , ._ ·t ~ ~ r ... ·he - 1~;:-_ -

tension an d the tota l p ressu re g radn·11t ), --
\-vhere Bx(z) 1s deterrnmed from a 'f,w lc-r "-PflE ._ t' '-?.c ·u: • .__ 
plc1sma in the z-d irechon, a,; chow, 111 Fw · 1 I ., , qua , ,.., --element has the form, 

0 
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4Hp /Jz OX 

ln tlw < d',1 ' of .1 po~, 1t1v1• pwduc t of tlH' two 111.1grwtH grn~~ ts, tlw pc1rametl'r <,if 1s 

n•,d, .ind lt h ,lS !TiP 11\1',lll ll \)~ or tlw < lt .11.ic lt•rt ,IJ< l1t·<pH·nry~ tlu• flilppme W.JV( ' 

'"ii!;< dl.1t1m1!, In 1111' oppw,1l v < .i ,,, tl/ ,1 11q;,ll1 V(' pro, 11H t of tlw 111.1g1wt1<. gradient s, thl' 

< 111 n•111 •, lH c·t i•, 1111 •,_t11l> l< · 1 lw ll<1pp111g 1w 1 t11rl, ,1 1011 •, c,1n r,rhw up exponenti.ill y 

w1tho11t p1op,1~, 1t1rn1, hvc,tt1 ',<' <,if1:; put <· 1m,,~111.i1 y 'Jhl'~<· two C'.lSC''> arc> 
c lt ,11<1< 11 •1 uc •d l>y .1 diff<·11•11t l>1•h,1v1<11 11 oltlH' li.1t I i: 1rn111d tol,d prc",sun• Sp<'rifu, lll y, 
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