Q (‘Em.lzl:the first order differential equation
onside
g o fY
dx

Let us solve this differential equation under the cong

(xp) = Y0 The solution of (1) gives y as a function
y(xp) = Yo 1™
be written symbohcally as

y = F(X)

iti()n
Which -

The graph of (2) is a curve in the XY plane; and since , .

lly straight for a short distance from any POin(imh
. :

curve is practica
it. we have from figure Y @/

~\0
_ Ly /
tan 0 = T /){ ,

Y1

ie., Ay = Axtan© Yo
dy oL Ax=h| h il
. Ax (d]C) 0 (3’
dy 7
[' o Slope at (xO : yO) = (‘(2})0 = (an 9‘

ol Ay

| d
9 yw(;,ﬁ)'o Ax

Y1 % Yo+ f (xg, yo) h [Assuming &% L




[' % e f(xy) from(l)

(), 10w

g value of ¥ mms;;xmdmg 0 €=ty (=2, 4 h)ig

Q
y) = vy 4.!(“‘.\‘)" : (L‘ " |
ve : ' { ' “‘dr,}‘ = f Oy |
yi= Y3+ f (% v h et

J

hpﬂﬂ Yn4l = Yot fx, ¥, b

taking h small enough and proceeding in this manner, we
ook wabulate the expression (2) as a set of corresponding values
o xand V. This is method. is given by Euler. This method is
e 100 SlOW (in case of h is small) or too inaccurate (in case h is

o1 small) for practical use.
0 IMPROVED EULER’S METHOD

Let the given first order differential equation be
d
l . =y (D)

Let us solve this equation under the condition y (xg) = yg .
Starting with the initial value yq, an approximate value for y; is
computed from the relation
yi = Yo+ f(xp.y0)h . ()
Substituting this approximate value of y, in (1) we get an

aproximate value of % at (xg, yy)

. dy\(1
| ie, (dz, = flx .0 D]

Now an improved value of Ay, is found by multiplying h with
~u Vﬂlm Ofgx and Xy

I X

/ Le, Ay._i(g)0+@)(1l) o

| 2

UNIT4 m
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¥ I o ), ()] ~ ‘
i % F1X1y) |( | 0
{ﬂfﬁl‘"’o) 2f ' 1 i N
h . ) A( + , » Y( ; E
Now y1 =Yo ¥ IA."
n Vo) + F[xg+h v .
In general 33 T
=yt f CusIm) +F Xy +h,y +h\\
e e
n

This formula is called Improved Euler’s Formulg, .
Q Modified Euler’s Method

In Improved Euler’s method
the solution curve is approximated Y ¢
in the interval [ xy, xp + h ] by a
straight line. This line is passing \
through (xp , yg) whose slope is P (ko YO “
the averages of the slopes viz,, B

&)+ (@)

5 i X0 h

X0+ —

2

But in modified Euler’s meth : :
averaging the points, od the curve is approximated by

Y1

— X

Let P (xy , yo) be the point on the solution curve. Let PA be the

tangent
gent at (Jc(])z » Yo) to the curve, Let this tangent meet the ordinat
at Q (x0+§) at P,. The Y-co-

ordinate of int P
G the point P,

(] i
(1) where Ay is the smafl increment along QP I -

Now Considering the triangle pp

| 1M, we have tan9=“§'f :
e, Ay = (tan g) e (42) h
i dx) "2
S 2 ‘f(xO > Vo) (2)
- [ Here Ax:%]




i g
el

it PROB e S AT BQUA IOy
M (2) in (1) we get the Y- co-ordingee ’

of the poiny P
T %0
gtd he CO" ordinates of the point P, i

h h \
AR "n*v”"n Vo) |

* (3)
dv
L at Py is (3‘}) at Py .
But ((%) = f(x,y) (Given diff—cquation‘)
d h h
(ZY) aad f{*‘” Yo+7f(xg. \n” . (4)

o h
! _Replacing in (4) : xbyx0+'2' and y by _v0+‘2' f (g, 9901
Now draw line P{B with this slope (slope at P,). Then draw a

iae through P (xg » o) and parallel to the line P|B. This line is
” o be the approximation to the curve in the interval

9.3+ h). The equation of this line viz., PC is
BT
y-y0 = flx+7.%+5 flo.y)1(x-x9) ...(5

[ using the formula y — yg = m (x — xg) which is the equation of
the straight line passing through (xg , yg) and having slope m |

Let this line (5) meets the ordinate x = Xy = (xg + h) at the point
4.3y)- Since (x; , y;) lies on the line (5), we have

h h
urlo = (xl-Xo)f[xo‘*'z")’o*':)_'f(“o»)’o)jl
h h
= hf[x0+§,y0+'2'f(xo.yo)]

, h h
bE, ¥y = y0+hf[x0+'2‘,y0+'2'f(x0.,v0)]
Ageneral,

\y,,” = Yy thf|x, 45200t 2 ] Wardn

Ly S e s moscr
T

_\(x-t-h) y(x)+hf[x+2,y+2f(x,y)]

"mmla is called modified Euler’s formula.

HINIT A ®



M B b e .“.-MKNN\N‘HMEB‘CAL“ 1
—=""The r in the so v ~Mey, |
[Note :1. The eITO Solution cap be “‘"‘%1

decreasing the step size, LN
: ¢
3. The method will provide ¢ q by

rror.
| is li Tefree Solug;
% given function is linear, lon

3, Because in Euler’s method , b & ",
segments (o approximate the Solutiop ::'aigh’%in,
is referred to as a first order Methog, ety

4. The error in one-step of the Modifieq

| method is 0(h%). This is calleq the logy Ea,

There is an accumulation of errqr fro "‘: ®rryy

step, so that the error over the wg, r;tep,n

0 (h2) and is called global error., B

Ny
.2l Example 1 [

Using Improved Euler’s method find y (0.2) and y (Om
y=x+y,y(0)=1with h=0.2. [A.U May 20

The Improved Euler’s algorithm is

h
."m+l= ym+5{f(xmsym)+f[xm+h,ym+hf(xm,\r’m)]} . |

Puttingm=01in (1) we get

h
1 = Yot3 {f(xo,)’o)"'f[xo"’h, Yo + hf (xg, yp)l)

Here x5=0, y =1, fy)=x+y, h=02
“f00.30) = xg+yp= 041=1 .0
Subslitl_ning (3) in (2) we get

i = b |
§ - )’0+2 {l+f[X0+h,y0+h'1”

= L+0.0 {1+ flxg + b, yo + b}
= 1401 (1 +£(0+0.2,1+0.2)

' = l+0.l{l+ (0-2 1.2 (4
ubwtutmg (5) in (4) we get

+ ,.,t; i
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M” —— ]
¥ y = 1401 (14 1.4)
= 1+0.1)24) = | 0.4
\'l = |24
o~ ) = 124 |
ol 2 1in(l) we get
W“mg-m"" ..h. ol I50 ‘
) Y (\ . V )+ b X +, , : J
i - .‘l":g’if l_.,_l, e *{[ ]-ji}] fh:f (,r_], Yol (6) |

202 = 124 he02
v et M o ’

f(xl,}’l) = £(02,1.24) = 02+ 124
f(X|~,?’1) = 1.44 "
bstituting (7) in (6) we get

Now

0.2
= 1'24+7{1'44+f[0'2+0‘2 , 1.24 + 0.2 (1.44)]}

-

yy = 1.24 +0.1 {1.44 + f (0.4, 1.528)} .. (8)
Now f(04, 1.528) = 0.4 + 1.528

f(04,1.528) = 1.928 ... (9)

gubstituting (9) in (8) we get
y, = 1.24 +0.1 (1.44 + 1.928)

= 1.24 + 0.1 (3.368)
y, = 1.24+0.3368 = 1.5768

.. y(0.4) = 1.5768

S 4 Bieyd ©

Using Improved Euler’s method solve y' = X *y * X
1= 1 compute y at x = 0.1, by taking h = 0.1 [A.UMD =

Giveny,z’”')’ﬂcy, xg =0, y0=landh=0.l

{%’Ed Euler’s algorithm is |
Tners h
\w{f(x"p ym) + f[xm + h-, ym + h f (xm’ ym)” e, (l)

Putg;




NUMERICAL ey,

4.32 ——
fi ., T + f [xo + 1, yo + hf (xg, yp)l)

i .Vl - y0+2 {f (XOa yO) GLP
i

2 V) =x+Y+xy
Here xp=0, yo=1, fxy)

L f (g Yo) = X0t Yot Xoo T O0+1+0(1) =1
Substituting (3) in (2) we get

= 1+%'1'{1+f[0+0.1-,l+0.l(l)]}
| . :
yr = 1+0.05 {1+ (0.1, 1.1)) t
| 9
SOV =0k + 1.1 +(0.1) (1.1) = 1.31 ol

Substituting (5) in (4) we get
Y1 = 1400501+ 1.31)

YO0 = 140.05)(2.31) = 1+0.1155
= 11155

_L.LLOJ) = 1.1155

Te——— & Py 5



Y gy

’ )’(2) 1 » COmMpute ym

Euler’s algorithm is

e ————

——

h S—
ln+l"' ‘m+7 ﬂx’"’}"')+f[x"'+h Ym +hﬂx ym)}

————

e ———

Puttmgm = Om(l) we get

\

1= o+ 3 (A% y0) + /X0 + Yot hfxg, yol|

‘\

-~

Here xp=2,yp=1and h=-0.1.

S
Now j(xo,yo)= x(:)'*';)((; = 3:_11 = 3l =O33333
Substituting (3) in (2), we get

»1 =1+(-0.05) [0.33333 tA2-0.1, 1 +(-0.1)(0.33333)]

=1-90510.33333 +A1.9,0.966667) ]

Now £11.9,0.966667) < lg+%%6666%6677 Y ey o
Substntutmg (5) in (4), we get

.‘.’
fPay
tss
ey
LU Y
-----
''''
..............................
ooooooooooo
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‘“"“*&LEQUATIONS

1=0.05[0333333 4 ¢ 3, S;“”““'“«-».‘.;ﬂ..
H

19 =
957054338
9(,70“ ]

£
e’ ‘.r"*"'" | Orllhm
7 AR Fﬂ'er s ﬂ R 1S

v M h /
11"’/’ s hflX 45 v+ 5

y"/f o 'V” 2'7n . () ’ ( \'" g .\:") ‘

o — i s |
//;6 in (6), we get o

*'_ﬁﬁm h 2k ¥ h ————
,/:hf[ xO + A R V() + R f(,r() a »-Vﬂ.’ l

R i th

;,/,,.2’,’,_,—-1 and h =-02 ]
e 10

Xo— Yo

2—-1 TN

qubstituting (8) in (7), we get
0.2
A8 l+(_02)f[2+ J1ed 033333

y = 1 +(-0.2) A1.9,0.966667) k%)

1.9 - 0.299997 aakhe

Substituting (10) in (9), we get
y = 1+(=0.2) (0.3256)

| = (0.93488
_(18) = 0.9349

Yo 2

T |
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NGB - KUTTAMETHODS

Jhod Was devised by Rungv. about the yegr 1934
s gud Kutta & few years later. Therefore we call thig ltn ‘t;miil
A by . Unlike any of the methode v, TotO
..\‘tt’“d‘ Kutia meth()(? 11y of the methods, explained ip
3 . (wo sections the increments of th

1 ognd® € function g¢
N A ‘n!‘ Y > ¢ ¢ OCR . on df
’N ‘cf\mct‘ for all by means of a definite set of formulae
i “‘& k N T Ik i g T .
‘-,h“"a  set of formulae are given without proof for

S()l\/in J a
atial equation ©f te Torm de = T (x, ¥) under the initial

C

j;,ditioﬂ y (%) = Vo Let h denote the length of the Interval

\ equidistant values of x. The various types of formulae
ij. qg 10 their order are given below.

g
b

1 SECOND ORDER RUNGE - KUTTA METHOD

if the initial values are X, yo for the differential equation

2 _ ¢ (x, ) then the first increment in y viz Ay is computed from
df = s

e formulae

ki = hf(xp Yo

e
ky = hf{xg+5.¥%+73

ky

>
<
I

Nowx; = xg+h yy=yp+ Dy

The increment in y for the second interval is computed in 2
Smilar manner by means of the formulae.

ky = h f (x1, Y1)

h _’il)
ky = hf(x,+§,yl+2 ’
¢ Solons ML

Ay = k2 NN T T L i
“d 50 on for the succeeding intervals.




el §
S —————

*%\“ﬁh
ER RUNGE - KUTTA MET" ,

X
488 "
;}nmﬂ ORD D
ot Runge-Kutta method g designcd
The third (\;‘;e “r
. R —— :
iﬂlk\wmﬁ form - b = h »' ! 7(“‘”‘ Yo,

-Il k‘l \
kq = h f .l"o + 7 s ),'” + ) ,. ‘

/(1=

he first it;crement in y viz Ay is computed frop,
Now (he e

- I
r A.v = 6 [kl+4k2+k3]

hf(xg+h yy+ 2k, - k)

e

|

!
-4

Now x| = xo + h, Yy = Yo+ Oy

The increment in y for the secon;i interval is compyteg .
similar manner by means of the formulae.

k= o1, Y1) »

\

sy
h f Xp+53.01+5 |,
k3 = hf(x1+h,yl+2k2—kl).

1
Ay = ¢ [k +4ky + ki),

PR
(V)
Il

and 5o on for the succeeding intervals.

J FOURTH ORDER RUNGE-KUTTA METHOD

This method is most commonly used in practice. Unless ¥
otherwise stated, Runge-Kyta method means only Fourth 0%

Runge-Kutta methoq Let % = f (x, y) be a given different®
“quation 1o be go]ye

, Ie
d under the conditi ) = yo. If h et
length of the ¢ condition y (xp) = Yo

» ﬁrs{
neremeny iy, nterval between equidistant values, then the
V1§ computeq from the formulae.

'...
,,,,,
vvvvvvvvvvvv
.......



for the se
W' rement iny cond interval is computec
qanner by means of the formulae.

VT2 Jo+% |
, y |

| kg = hi o s |
M Ptk k) |

IA\' = 1 ‘
O Loy ‘0+h \1~\()+/\-

l in a

jar M4
i kl i hf(x],)‘l), __‘7
= l MY
5 kz = ]lf(,\1+2 \l+~§-) : z
h k
ky = hf(x1+2,yl+22)’
ky = REGy+hy tk),
1
Ay = gk +2%k+2k+ky)

and 50 on for the succeeding intervals.

d
Note : If 2y a function of x alone then the Fourth Order

dxlS

lE"‘Kﬂtta method reduces to Simpson’s Rule.

Ml = hf(xp)

et

\__’:2_: hf(xo o %)

i i Sy

ks h
\3Jf("0+2)

//

k4= By + h)

i e

 UNITA®




—_M{_,‘, [/(‘”) 4 4/ | A\'() + ) ) l/ ()'() + I’) ,

A“Ahc»sy‘“”‘;‘" result as would be <’_f'm,|m(:dhh‘ :
which T e in the interval Xo 10 Xo + /1 if we gy N

Gjmpson § RUE h ; )

cub-intervals of width75 . |

we shall illustrate this method in the following

e V) Example 1 K3

Cxam‘mﬁ..

5 ‘ roxi -
Use Runge — Kutta method to app ;Zare Vr When . - "

= oy
0.2, 0.3, h = 0.1 given x = 0 when y = Land j =x+)

/A. U. Nov, ’91
 Solution |

Given YIS xty
HeBfiC )= xt y
And also given that x) =0, yo=1and /4 =0.]
To find y (0.1) using third order Runge-Kutta Method -

Now k; = hf(xo’)’ﬂ

/

=h[x0+y0]
ki = (0.1)[0+1] =0.]
Y h
K hf[x0+§ ,yo+/;_~l]
\\
= h k
h Xo + > +J’0+§‘l']

= (0]) [04.‘11_ ]+_0_]__:’

........



oR ORI AR T UlLFEEENTlAL EQUA
—————_TI0Ns

, h+ v+ 2k, - To—— A

v % ( xO 4 yn ) k l) T —
‘// 3 (O” [04()]*] L:}(()H) ()_ll

_ 0.122

h:;w—w-*“ - L R—

lkl 4'4[\'2 ! "}l

|
; & 6 N
‘, —— e ——
v\. (‘»‘,i/

A1+ 0.122)

”

|
6 (0.662)
4 103
=0
" * Yot Ay
- 1+0.1103

7 = 1.1103

}o indy 02) using third order Runge-Kutta Method -

1&5::31'”=]Jml h=0.1

Now E?(xo Yo) = h(xot y)
N[0 1 +1.1103]

b = 0.12103
h ki 1
|(k2= hf[ Xo T35 ,J’0+'2L :

h ki T
3 h[ X0t +y0+—21- -

0.1 0.
& {0.1) [0.1 + 75+ 1.1103 £ 122103]

= (0.1) (1.3208)
h = 0.13208

B T (0t h, 0+ 2K )
= h(x+h+y,+2k-k) i
= (0.1)[0.1+0.1 + 1,103 +2(0.13208) - 0.12103]

= (0.1)(1.4534)
0.14534

S  UNITAE



_vl'ltRIC :
B
y|
!
|
!

s
o)

[O 12103 +4(0.13208) + 1453, |

\"—‘ O\ |

» 7947)
g\
% A}v O ] 324

= v, + Ay
i e

Y Ay
(02) = yO.DY
B )= 1.1103 +0.1324

M using third order Runge-Kutta Meth, ,
Here Xo ~= 02 yo"]2427 h= 0.1
Now Jo = hf(0,y0) = 7 X+ o)

= (0.1)[0.2 + 1.2427] = (0.1) (1.4427)
k, = 0.14427

hf[ x0+h ,yﬁ%‘ ]

= h[ x0+g +y0+'l‘;'l-]

= (0.1) [o.z +0'—21+ 1.2427 + 0'14427}

2
= (0.1)(1.5648)
ky = 0.15648
k= hf (xo+h,y+2k—k )
= h(x0+h+y0+2k2—k|)

(O.1)[0.2 +0.1 + 1.2427 +2(0.15648) - 0.1442]
= (0.1)(1.7114)
ks = 0.17114

Ay = _]_
Y= g Lk +dky+ ks ]

|
6 [0.14427 4 4 (0.15648) + 0.17114]

—_—
—

6 (0.9413)

ks

Il

.
........
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~ Ay = 0.1569
y3 = yatAy

te, y(0.3) = y(0.2)+ Ay
= 1.2427 +0.1569

L_L(0-3) = 1.3996
X

0 0.1 0.2 0.3
y 1 1.1103 | 1.2427 | 1.3996




Me

olying ‘the fourth order Runge-Kutrg

a
B}) from =y =X (0) = 2 taking h = ().
“(0'2 S .

' golution

0 fing
Yy =2 yay

i.,(.’-, .f(xs V) - y-t

and ¥ (()) = JLe, X0 = 0, Yo = 2and h = (.1 We know 5 the

wurth order Runge-Kutta formula for finding the fir Increment ip
.viz Avis given by

Given

A}’f-"- 'é-\(k1+2k2+2k3+k4)

where



.. A i

, _Nump
Tk = Ao e ] ',

N

MR

h ky )
kIZ e hil o+ 2 . _\-()A-i- )

' h ‘3
ky = hf(rmz-m 5 J |
-;“hf(‘o*” m*kw) !
kl:: (Ol)()o—*X())—”I(z-—()) 2 0

k2‘-‘-" (0.1) (}’0+ ) O+2)J

(
on [ (2+5)-(0+%)
(%

(0.1)[2.1 -0.05] = 0205

= 1) | (50+2)- %)]
- onf (2+957)-(0+5)]

= (0.1) [2.1025 = 0.05]
= 0.20525
ky = (0.1) [(yp + k3) — (xg + A)]
= (0.1) [2+0.20525 -0 - 0.1]
= 0.210525

1
Ay = oLk +2ky + 2 kg + ky]

l -
602 + 2 (0.205) + 2 (0.20525) + 0.210525]

l
= 6102+0.41+0.4105 + 0.210525]

= 0.20517
'.'y(o.’)= yl = yo R Ay
= 24020817

LY (0.1) = 220817




h |)(2°OS!7 0|| (,2“)”7

D ———

\

_ (0.1)[231042-0.15] = 0.21604
el

h ky
= hf\ x5, 173

/_

4[(n+3)-(+3)]
(o.1)[(220517+022 ) (0.1+%‘—)]

- (0.1)[231319-0.15] = 0.21632
? k4= hf(X]+h,y]+k3)
= hl(y) +k3)—(xy + 1)

= (0.1)[(2.20517 + 0.21632) - (0.1 + 0.1) |
= (0.1)[2.142149-0.2] = 0.22214

0.2105 0.1%
. (0.1)[(2.20517+ ; )_(0.1 +7”

P ——

=
By = G Tk + 2k + 2ky + Ky

;‘\

1
= 02105 +2 (0.21604) + 2 (0.21632) * 0.22214]

|
= 102105 + 043208 + 043264 + 0.22214]
821622

et
......



NUJ
4.56 MERICAL ‘
U

i
_ 220517 +0.21622 \H%

Hcﬁ"e lmvc the following table,

¥ 0 OL 0 e
242139

———

2.20517 |

4 Example4 $o"

~ Find the values of y(0.2) and y(0.4) ::;7\’\

- Un o

Method of fourth order with h = g 2» gzv‘ k‘:’
[

o F 5 p(0) =08

[ =

Given e =
LR E Nx2ty

And also given that xo =0, o= 0.8 and A =0..

To find y (0.2) :
We know that the fourth order Runge-Kutta formula to fiy B

first increment in y viz. Ay is given by

1
Ay =5 [k +2ky+ 2k +ky]

where k1= h f(xg, yo) = h [\/xo Y ]
= (02 T

ki = 0.17889

I
>
e |
e
(=]

+
e

(]
+
BN
S
+
o
s S
Ly

(°~2)[\/(0+92—2) +(o.8+ i

i 0-2)\(0.1¥+0.8 ¥ 008944
2= 0.18968

Il
\O
2
o
oo
O \
S S
ARSI



o e —— 4.87

%:)2 (0 g 40 ”;)68 boeR) j
. (02) [V (0.1)" +0.8+0.09484 |
- 0.19025
- /(T%F hoyot k)
et A+ 00+ k)
_ py[(0+0.2)"+ (0.8 +0.19025)
(0.2)1/0.04 +0.99025

k= 0.20300
/
[k]+2k2+2k3+k4]

||

Ay =

’6'
-é— [0.17889 + 2(0.18968) + 2(0.19025) + 0.20300]
i

<[1.14175]

| Ay = 0.19029
| 02) = yo+ Ay
o = 03+0.19029
J102) = 0,99029

L:rfmd (0.4)
- A= 02, y,=0.99029 and h=0.2

. N =
a Ow%, = h [\]xu i ]

= (02) [/(0.2)7+0.99029 ]

k= 020301
k2= hf[ J(.'|+"2Z ,y]-l-%l’] J

|



o n\2 Sl Ny
i h[\/(x' +5) K (y' : 2) J W
| 0.2\2
- (02) [ \ﬁ 02475 ) + (Om
(0,,)\/’5‘5“) +0.99029 + 0.10150 J
ks = ().2'74“’? BN
sy ol 3 3 ky
Weve
i 0.2)2 } i § g,
= (0.2) \/EO.Z +“‘2—) (0 99029 +Q~2~%J
= 02)[V(03Y+099029 +0.10871]
k; = 0.21808
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