1.6 The principle of least squares

" In the previous articles, we have seen two methods of fitting curve,

viz., (i) the graphical method and (ii) the method of group averages. The
first one is a rough method and in the second method, the evaluation of
constants vary from one grouping to another grouping of data. So, we
adopt another method, called the method of least squares which gives a
anique set of values to the constants in the equation of the fitting curve.

°of M, M, M, M, X

1 n

Let (x;,y,),i=1,2,...,n be the n sets of observations and let
y=f(x (1)
be the relation suggested between x and y.
Let (x; y;) be represented by the point P,. Let the ordinate at P; meet
y=f(x) at Q; and the x-axis at M,.
MQ;=f(x) and MP;=y,
QiP,-=MiPi—M,-Q,-=)’,-—f(xi), 1= l, 2, -
d;=y,~f(x;) is called the residual at x=x; Some of the d’s may be
- positive and some may be negative.

n n
E= 2 d,.2 = Z [y; —f(x,)]2 is the sum of the squares of the residuals.
i=1 i=1
If E=0, ie., each d;=0, then all the n points P, will lie on
‘, = f (x).
~ If not, we will choose f(x) such that E is minimum. That is, the bes’
| fitting curve ¢ the set of points is that for which E is minimum. This principle
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ast square criterion,

s known as the principle of least squares °f the .le J
This principle does not suggest 10 determine the form of the cyp,,

y =f (x) but it determines the values of the parameter s or constants of (.

equation of the curve. 4
We will consider some of the best fitting

)a second degree curve

curves of the type :

(i) a straight line (if (ii) the exponential cury,
y= ae”™ (iv)\the curve y = ax".
1.7. Fitting a straight line by

Let (x; y)hi= 1, 2; AWt be t

related relation by y=ax+ b. Now we
straight line is the best fit to the data.

As explained earlier, the residual at x =x; 18

d,-=y,-—f(xi)=y,-—(ax,-+b),i= 1,2, ...

the method of least squares
he n sets of observations and let the
have to select a and b so that the

n n
. 2
E=Y d; =Z [y,.—(ax,-+b)]2
= =l
By the principle of least squares, E is minimum.
JE oE

$=0 and 5:0

ie,  2Z[y;—(ax;+b)](-x)=0 and 2Z[y,—(ax;+b)](—1)=0

n
. n
le., V. — ax?
% (=i’ -b)=0 and 3. 0;-ax~5)=0
.| : i —‘* )
i=1 2 W SR )
h ‘

ey i n
a 2 xiz +b 2 x;= X
i=1 . R

=

and n

Since, x
» Xi» J; are known )
a and b. Solve for 4 and » €quations (]

2 b from (1) ,
Note 1. Equationg (1) and (2)

2 Dropp'ing suffix 1’romare

a2x+nb=2y

Wthh are got by ¢

taking z p
)'=ax+b,°n both des ,

30 Tmns:f .
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another linear fit in both systems of coordinates

Example 14. By the method of least squares find the best fi ttmg
straight line to the data given below :

equation y =ox + B to the form Y=AX+ B. Ht;n>e, a linear fit is

x 5 L0 5 20 3 sfiolle
Yk 50 19 23 26 30
Solution. Let the straight line be y=ax+ b wike
The normal equations are aXx + 5bh = Ly bl
a Ix* + b¥x = Txy e (D)
To calculate Xx, Zx? Ty, Txy we form below the table.
X Y X Xy
5 16 25 80
10 19 100 190
15 23 229 345
20 26 400 520
25 30 625 750
Total 75 114 1375 1885
The normal equations are 75a + 5b =114 (1) “\‘
1375a + 75b = 1885 ..(2) N
Eliminate b; multiply (1) by 15 o DR K
| 1125a +75b = 1710 - .0)
(2) - (3) gives, 250a=175 or a=07 R T
Hence b=123

Hence, the best fitting line is y =0-7x + 12:3

Aliter. .."“515 ST o
Let the line in ihe new variable be Y=AX+B
X y X x>
5 16 -2 4
10 19 -1 1
15 23 0 0
20 26 1 1
25 30 s) 4
Total ;: & IRy 10

The normal equations are AXX + 5B = TY il
AZX? + BZX=EXY& Fib
Therefore, 5B=-1 5 B o F

The equations . (Y
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x=15)_02=07x— 10-5-0-2
ie., y—23=3~5(-—-§"‘)~—02 O,7x.
ie., y=07x+123
which is the same equation as seen before. :
the data given below. Ay,

Example 15. Fit a straight line' to

estimate the value of y at x =20 ’
¥ i 0 ¥ = 0 # nEn2oe BEEE J 4
3 ] 1-8 33 45 6-3
Solution. Let the best fit be y=a% +b E.(1)
The normal equations are
asx+5b=2Xy . -.(2)
aEP +bEX=2xy -0)
We prepare the table for easy use. - |
1 e f e [ 18
2, : H‘i ”m” F T T T 66
i - bk A 13.5
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Calculations -
X Yy X Y X2 XY
71 69 ) 2 4 4
68 12 -1 5 | -5
73 70 4 3 16 12
69 70 0 3 0 0
67 68 -2 1 4 -2
65 67 -4 0 16 0
66 68 -3 1 9 -3
67 64 -2 -3 4 6
Tual: -6 12 54 12
Substituting in (2) and (3),
—6a+8b=12 ..(4)
S54a—-6b=12
Solving, we get, a=0-424242, b =0-181818
Therefore, Y=0-4242X + 0-1818
Le., - y—67=04242 (x-69) +0-1818

y =0-4242x + 37-909
y (x=70) =0-4242 x 70 + 37-909 = 67-6030

Example 17. By proper transformation, convert the relation
y=a+bxy to a linear form and find the equation to fit the data.
X -4 1 2 3
Vi ; 4 6 10 s 08 [MS. BE 1972]
Solution. Let X=xy .. The ¢quation becomes y =a + bx.
The normal equations are

axX + bZX2=ZXy "'(1)
and | 4a+bEX =Xy )
X y X
<l 4 - 16
1 6 6
; 2 30t miOn 20 R—
3 B e - 24 _gpl
Using (J,) nd (2). T .
8 (Dang, ps bas 2 4 Deluw




¥

24 Numerical Methods\l
We tabulate the values to verify:
X 3 -4 1 2 3
y 523 678 7.95 9.62
Note. If we take u=}1§' v=:l; we get
v=au+b. Taking this as linear, we get
a=1035, b=-013
That is y=10-5-0-13xy
e 105
: 1+0-13x
Now tabulating, we get
S -4 1 , 2 3
y 2187 9292 . .. .. 012 7.55
The values of y are far away from the glven values. Perhaps, (h,
selectio the Lw:m 1s not correct, :
8. F g'a parabola or fittmg a second de ree éurve (by the method
east squares) =y ; “‘,‘
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22Lyi—(ax,-+bx,-+c)] -DH=0

i=1
Simplifying, we get
aZ xt + bEx; + cEx = Yy,
aXx; + bEx; + cZx; = Exy,
a‘Z.x,-2 + bXx;+ nc =Xy,

Dropping the suffices, the normal equations are

aZx’ + bEx’ + cZx’ = 1y (D)
aZx’ + bTx® + cEZx=Xxy ()
axx® + bXx + nc =Xy @)

The three equations (1), (2),” (3) give the values of a b, c.
Substituting these values of @, b, ciny =ax® + bx+c¢, we get the result.
Note. To obtain the normal equations, we remember the following :
(i) In y =ax*+ bx +c, take I on both sides.
(if) Multiply by x both sides and then take X on both sides.
(iif) Multiply both sides by x> and then take X on both side:) :
Example 18. Fit a parabola, by the method of least squaresto the
following data; also estimate y at x = 6.
x o 1 2 3 4 5
y 5 12 26 60 97

Solution. Let y=ax’+bx+c be the best fit.
Then, tHe normal equations are

asx® + bEx + 5¢ =Zy . | )
R+ bEP+ cZx=Zxy - MREH (2)
aEx® + bEE + B’ = Tx’y toitgups il <. . (3).

We form the table. G 0 e VBR ~ % o

x y e A 4T ety Pyl

Total:
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Solving we get, a-37|43, b=~ 110858 and c= 10400

Hence, the parabola is, y = 57143 = 1 1-0858x + 10.400)
y (x = 6) = 1496001
Example 19. Fit a second degree parabola to the data

Voo U929 1930 1931 1932 1933 1934 193
y + 382 6 357 358 360 161

Let  X=x-1932, Y=y-357 P

Let v--x‘uxwuuhum :

g Gl o
aL’ +bEX+7c=3Y L
aXX +bEX 4 EX=EXY
Qtfa-lﬂa-m&'wh E

seel 3
Ve ANGHAuR s

=5
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4 8 =1 1 ] - 1 -1 1
5 10 0 3 0 0 0 0 0
6 11 1 4 ] JRE 4 4
7 11 2 4 4 8 16 8 16
8 10 3 3 9 27 81 9 21
9 9 4 2 16 64 256 8 32
Total 0 11 60 0 708 51 -9
The normal equations are
708a+60c=-9
60b =51
60a+9c=11

Solving we get, b=0-85, a=-0-2673, c= 3.0042
Hence the equation is

Y =— 02673 X> + 0-85 X + 3:0042
y—7==02673 (x — 5)* + 0-85 (x — 5) + 3:0042

y =— 02673 x* + 3523 x — 0-9283
itting an exponential curve
’(x,-,"y,-), i=1,2,...,n be the n sets of observations of related data
and let y = ab® be the best fit for the data. Then taking logarithm on both
sides, T A _ &

logqy = log;¢a + x log;ob

e, Y=A + Bx where Y=log,qy, A =log,ga, B=log,sb

This being linear in x and Y, we can find A, B since x and Y.= log,qy are.
known. From A, B, we can get a, b and hence y = ab” is found out.
1.10. Fitting a curve of the form y_=£::_

Since y =ax’, log,qy =10g;0a + b logox
ie., Y=A+bX where Y=logoy, X=1og;ox and A= log,oa

Again using this linear fit, we find A, b.

Hence a, b are known. Thus y =ab” is found out.

Example 21. From the table given below, find thebest values of a
and b in the law 1e”* by the method of least sq N

%0 3wy -




2 g il ~ Numerical Metp,, ds\n

BEx’ + AZx = ZxY A
ey 64}7’71 | i -
0 . 30 04 0
5 oe  LAS 01761 25 08805
8 10 0 64 0
TR i b e e R
_020 NSRS 00 - 144,
Total 45 f : ~ 0:35%1 enpite. 633 _W
‘ W ok ey 4 oM \

Using equations (2) and (3),
5A+45B=-03511
454+633B=-17-1287

Solvmg we get A =0-4815, B--@Oékl%f' B i

a=10"=30304 gy B noi

blogigeapgs,o’wém W“U e
SO0E 4 L b =20006: _

Wiok

‘ xY
21790
40
53559
67960
65050
}" ﬁ} 545
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Example 23. It is known that the curve y = ax ﬁts in the data given
below. Find the best values of a and b. ; ' 1o

B 1 2 3 % ST m— 6

y- . 1200 900 600 200 o Sl 50

Solution. y= ax®

Taking logarithm, log,qy=1logqa+ b loglo.x

ie., Y=A+bX 4 | (1)
where Y=log,y, X=logx, A=logga - B
The normal equations are ' :
BEX+6A=ZY Lo =, .2
ponlpups Llagrion a1 g

Total -
Using (2) and (3).
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pOLA

|

stant times another l'u.nction, we have
ACL () = CA{f (x))
Alaf @)+ 08 (] = aA Lf (x)] + bA \ (g (x))

a0l

'oLATION
ngider (e table
\ ‘0 Y “ X,
f) flag) fap flg) 7 f(x,.);

g value of f () is to be found at some point v in the interval
and v is not one of the tabulated points, then the value of

s estimated by using the known values of f (x) at the
gding points. This process of computing the value of a
w inside the given range is called interpolation. Simply
ion means insertion or filling up intermedidte terms of a
f the point v lies outside the domain [xg. x,] then the
ion of f(y) is called extrapolation, In this chapter we will
ly concerned with interpolation. y

Jug e ot

1 )
1L

i o e

s — . SR



* The first ty,

linear interpolg

0 termg of the ab ¥
Paraboljc interpolat;

tion, the thi
on and SO on,

Let the unknowns be a, b, ¢, d. e."Then we have the fo
table. :

Ya l 0 a b o Bl
Ay, l 0 1 2 4l
By definition, we get,

e
A fupction f(x) is g ,'

a suitable formula. b
T 0 ' L

!
.

)

Solution
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" (3.5) (3.5- 1)
‘ 124—(3.5)(1)*';“ 2 x 6

\\

946)

- k. .
(5BS-DBS5 -2 o

* 6

35(3.5-1)(3.5-2)(3.5-3)
. 24 x 11
3.5)(3.5-1) (3.5-2) (3.5-3) (3.5-4)
+£,.l( 120 1 % (=20)

_ 12 +3.5+206.25-13.125 + 3.0078 + 0.5469
12 +3.5+26.25+3.0078 + 0.5469 - 13.125

—
—

= 32.18

The population in the year 1946 is 32.18.
', find the population in the year 1948 : '
\ind y(1948). 19!
. xp+nh = 1948 e )9 H%

- - 3,7 ' . B

b - 03l (3-7— D .6
3.7 (3.7= 1) (g
- )BT7=2) 6)

6

S

tq
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~ The following table gives the population of , Own 4
ensus. Estimate, using Newton’s mterlml atioy, , g
VAN population during the perioq 1946, [94( iy

increase in the | | ¥
Year 1911 | 1921 | 193 || 1941 19§, »
Population 12 13 20 \ " \. Iy
_(in thousands) e ) | K 3

| Solution | i

The difference | table is as follows :

F lewzr | o
| x  Wysf Q‘)_T_-A)_’. =R | Ay Ay
l9ll(x0) | 12 (vo) | Ayg ‘

| T 8 heys)
[ 1921 13 6 | @3y
| T -6 | (A%
| 1934 20 0 1o
o g ; |
1941 27 5
12 —4
1951 39 fioiion
I3 s (d
1961 | 52 By e

y (1946)
Le., Xo + nh » .

Le, 1911 +n- 10 - e



PV~ 3
B (1) + (22005=1)
% 6

% (~0)
3535-1(35-2)(3.5-3)
- P 24 T %1

+§3.5)(3.5-—l) (3.5-2) (3.5-3) (3.5 -4
120 - 7 (~20)

s 12¢35¢ 26.25(— 13.125 + 3.0078 + 0.5469
3.5+ 2§.25 + 3.0078 + 0.5469 - 13.125

12+
= 32.18
- The population in the year 1946 is 32.18. J
~ find the population in the year 1948 :
T‘Mﬂlm)‘ ) /-;' 3 '
o xgtnh = 1948 w;MHC
Bll+n 10 = 1948 | ) O
N
n =37
37 37-D
N 2 x6
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d
Mg use another operator called the |
¢ V and 18 defined by

)

ACkwyy 'y

operato
Vy, = Yn=Yn-1

Forn=0,1,2,... weget

Vyo = Yo~ Y-I
Vy1 = Y1=Yo
Vy, = ¥y —¥1, and so on.
The second backward difference is
Vi, = V(Vy,)
= VO, st

= Vyn—-Vyn_]

Not.e ¢ The backwarg
following way, where 1

i.e., Vf (x) =.V;
Vz .f(X) -

. B UNIT 2
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e

P jifferences are shown below
he

il T v, T o
P vy L Yy | ¥y |y |
|-t | 4 )
I Y3
L .. 3 3 V3,
g 0 V3
Vy_z y—]
-2t | Yo V2, Y4y,
' | Vy_, V3yo
"-l: XO - h y—l szo
Vyo
9= o Y0 -

J Newton’s Backward Interpolation Formula

- Weknow that ¥ =y1=y () (1-V)y =y,
(o) Y1 = (1=-Wv)I Yo ... (1)
Also we know thaty, = (1 + A) Yo i
By definition of forward difference operator]
from (1) ang (2) we get,

(- vyl =
Yu = (L+ Ay yp=(1-Vy"y

\ [1 *hV +n\§2'\+1) V24
Le"y B+ iy

Hence

.
LI
L&
¢ e



¥ e —

| Th’ Jollowing rable gives the values of q funcrg,
e E ’ 3

intervals-x y 0.5
0.3989 0.3521
Evaluate f (1.8).

[ Solution_

The difference table is as given below.

i o
x |y=f@) | Vy | V2y Vi E
0.0 | 0.3989 |
-0.0468 vl |
' - Pethee
05 | 0.3582) —0.0633 |
-0.1101 0.0609 |: 1
1.0 | 0.2420 —0.0024 0025
—0.1125 (V4
~0.0755 | (V2yp) 8 ..
2.0 | 0.0540 (Vo) EE. :
o) | ()

Here x5 = 2.0, y 0= 0.0540, h = 0.

As we have to find the valu
2pply Newton’s Backward i

i

Y (Y +nh) = yo+nV




00540 + (-04)(-0.0755) +

1)(-0.4+2
L,Qﬁ)j,_“ +D( ) (0.0394) + negligible terms

_ 0.0540 + 0. 0302 0.0044 - 0.00252 = 0.07728

f1.8) = 0.07728]

r/x 12 |

l

27

64

; 3 JE 3 '
7 %29 Vi
I AT TR ETEAE R i

__ S

v
noEERsl
18127 64125 216 | 343

125

7

19

37

61

The dnfference table is as _glven below.

e Ve e | vrw ] v

s of
(0.0370)
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Here .\'0 L O

=landx =735,

Newton's Backward interpolation formy|, b
cW

n(n+ |
/’T(A’O +nh) = Yo t+ nVyO + X ) V2 . +

y(35) =1

L
= -.

i'e-’ XO G nh 7.5 :

8+n(;
n = oS

= ~-0.5 .
703 =S 5)(169) +C0 2L

L8 REYayg

I

—
—




Py th divided differences of a pol
an degree are constant. ! n““

| NEWTON'S DIVIDED DIFFERENCE Fop
Let yo Y1» Y20 =2 % , be the values of the funct; ’

3

corresponding 1O the arguments X0 X1 ---s Xy Then by g

of divided differences, we have

fx)-fxg)
f(,t.xO) = X il
ie. f(x) = f(xg) + (x—xg) f (x. Xp)
f(x, (xg X1)
Nowf (x, xg, X1)= xﬂ)_ile’i “] s it s '.:ﬁ
fxxg) = f (g xp) + =) f{xy
Substituting (2) in (1), we ﬂ’ g
flo = fOg)+(x= Xo)i )+ ,,,m
- f(xo)+(x-xo) _xp) (x-X1)

NOW, f (x, xO’ xl’ 12) »A V-‘.

Le. f(x X0 xl)
Substituting (4) i “l
f(x) -f (x°)+“



. this manner, we get,
g

0t odin VO+ (x - XO)f(x()’xl)+(x x()) (x — xl)f(xoa XI,X2)

+ (x = xg) (x =) (x - x5) f(X,xO,x,,xz)
Lt xmxg) —xp). (X -x) f(x, X0s X5 -3, X))

S called Newton’s divided difference mterpolatlon
- for unequal intervals. -

 above formula can also be written as

(x) = y0+(X—x()) 43][ (xo)'*'(x‘x()) (X—x]) ‘f‘z_f(xo)
- +(x=xp) (x=x1) (x—x,) 4X3f(x0)+... ... (A)

Xp X1. Xp, ... X, are equally spaced such that X — gy
| Xy = h.

X = x0+nh
: Fa-flg) 'y ¥ et i
‘(xval) = i ~ Xg = 4 = E Ayo (l)

O x9) = £ (g, xp)

:xl, x2) =

Gl a)

—




i

_:\[_659 |6l
28189 2

1
X X Ly
{ 3 _“*‘-““ -~
' 654,| 2.8156
; 28181 — 2.8156
\ 658 — 654
‘ = 0.00065
‘* | 4 0.0007 — 0.00065
| 659 — 654
658 | 28182 158181 - 2.8182 = 000051 | ool
| 659 — 658 o
\ \ = 0.00070 |0.00065 —0.0007 -4




5156 + (656~ 65 (0.00065)

2
/«556 654) (656 — 658) (000001)
56 - 654) 656 658) (656 - 659) (—O 0000037)







Ba:
ge's interpolation Formula for uneq

—

a1 ) £ G e £ () DE the values of the function
. xo, y ey
t (1) comesponding to the arguments xy, xy, ..., X,, Not
. ily equally spaced.

1f (x) be a polynomial in x of degree n. Then we can
il f (x) as

flr) = ao(x-xl)(x-xz) o (x-x,)

-t

tay (x-xp) -5 ... (x—xn) + .




............................
.

ooooooooooo

a, =

(on = X0) iy = X1) - G =2
Substituting (2), (3)SGANET

= cget
f (X) = (x T xl) (-x _42) . ‘ e :
(xg = x1) (g = X3) ... (xg—x,) 1




g formula 10 calculate [ (3) from the
/A U. Nov Dec. 2007]

C Lagrans®
e

By (2 4|5 | 6
‘ ’___,__.,4»’-’——-—'*-'-‘“*“"‘”"“""“"“' e g -
B 2 1 * 1Y

!"0, xl::l’ x2=2, X3=4, .X'4:5, X5:6
=l =14, =15 y3=5 y4=6,y5s =19

w that Lagrange’s formula is

“'xz‘) (x] —x3) (x] —X4) (xl x5) 71 :
|

«3’1) ) (6 — x4) (x — x5) "
xl) (X2 S X3) (Xz —X4) (x2 - .\‘5) Y2

xf; ) (x xz) (x — x4) (x - vs) /

s —x3) (5 ~



2.4 e .

. (.x_l)(x—2)(x-4)(x_5  -
PO OT10-2)(0-4) (0= 8y (g o

-0 x=""
| (1_0)(1”_‘% (x -

ix 0) (x < 17
(2 0)(2~—1 (2

L x=0) (x~1 e .
" @20) @)
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1-1)(3-23-49(3-5)(@3 -6)

240
- ‘
$HE=-2F3-4)3-5)(3-6)
| : . “(14)
6O
@G- HE-H3 506
- 48 . “(15)
AB-DHB-2)3-5)(3-6) .
: 18 (%)
@G-1)B-2)3-4)(3-6)
. 60 (6)
LBB-DB-2)3-49(3-5)
240 (19)
OMEDE2)3) 3(')(- D(E2)(=3)(14)
240 60
B3AEHEDEIAS) 3(2)(1)(— 2) (-
48 18
42)(1)(-;1(-3)(6) 3(2)(1)(‘- 1)(-=2)(19)
! ‘ 60 240
L 252" ‘ l‘80 108 228
t'i'

240

5'1

=60 T 240
FP'Y —!;__,7 + 228 L%Ob\




o,
26 —_— ¢
J— (X = ,\‘l) (x - X2) (x E x3)§

veflx) =

(o — X1) (o = X) (xg — - x3) Y0
(x = Xg) (X =xp) (x - x3)
"= 30) (e =) (i, - —x3) )1
(X —x0) (X —x;) (x - ~x)
(xa ~ %) (X3 = X4) (x, ~ ~xy) 2t
(o —xg) (x = xp) (x - xy)

L (X3 xo) (X3 xl) (x3 x2) V3
Heve r=Jf0ES Xg =3, xq =6, e
Yo=12, " "y = ¥ = 1d y3=16 :
(105 6) (1() g)ilo__ 11) <3 y | -
f =~ 3
(10) (5-6)(5-9) (5_11) (12)
(10 5) ;LO '*"M i |
L 10-5)(10-6) (10-]
(9-- (D4
10 -5) (10
(!1
[F]O) = ]4‘63" :




