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96 MATHEMATICAL LOGIC
1-6.4 Theory of Inference for The Predicate

: i i las uses th
_ . olving predicate formulas u e rules of
The method of derivation InVv d also certain additional rules wh;

given for the statement caleulus an

quired to deal with the formulas invo

] ] i ise at any
ing the introduction of a premise a ‘
Or;ganv formula which follows logically from the formulas already mtroduced’

remain the same. If the conclusion is given 1n the form <?f a conditional, we shal]
\ .. o1 nroof called CP. Occasionally, we may yg
also use the rule of conditional pro :  th T e the
indirect method of proof in introducing t.hte ncel:.gatti;(l)(l)ln of the conclusion as an aqg;.
i <o in order to arrive at a con radie .
tional ﬁ::?:ﬁi:;lences and implications of the statement calc.thS can be useq
in the process of derivation as before, except that the formulas involved are gen.
eralized to predicates. But these formulas do not have any quantifiers in them,
while some of the premises or the conclusion may be quantified. Ifl qrder to use
the equivalences and implications, we need some I‘UIG_PS o how to eliminate quan-
tifiers during the course of derivation. This elimination is d.one by rules of speci-
fication called rules US and ES. Once the quantifiers are eliminated, the derivation
proceeds as in the case of the statement calculus, and the conclusion is reached,
It may happen that the desired conclusion is quantified. In this case, we need
rules of generalization called rules UG and EG, which can be used to attach a
quantifier.
The rules of generalization and specification follow. Here A (z) is used to
denote a formula with a free occurrence of z. A (y) denotes a formula obtained
by the substitution of y for z in 4 (z). Recall that for such a substitution 4 (z)

must be free for y.

Calculus

n feren co

ch ape
lving quantifiers. The rules P ang rz‘:asg.

stage of derivation and the intr o
n

Rule US (Universal Specification) From (z) A (z) one can conclude A (y).

Rule ES (Existential Specification) From (3z)A4(z) one can conclude
A (y) provided that y is not free in any given premise and also not free in
any prior step of the derivation. These requirements can easily be met b

choosing a new variable each time ES is used. (The COnditioy o y
more restrictive than ordinarily required, but they do not f;l 7 are
sibility of deriving any conclusion.) ot affect the pos-

Rule EG (Existential Generalization)
(3y)Ay).

Rule UG (Universal Generalization) From A(z) one g5
provided that z is not free in any of the given premises aci)includ? (¥)A ()
if z is free in a prior step which resulted from use of Eg élh Provided that
introduced by that use of ES appear free in A4 (z), » then no varjables

%

From A(z) one can conclude

We shall now show, by means of an example, how ap o
could be arrived at if the second restriction on rule UG wepe nval-ld conelusion
other restrictions on ES and UG are easy to understand. Ot impogeq. The
Let D(u,v): uis divisible by ». Assume that the Universe . _

{5, 7, 10, 11}, so that the statement ( Ju)D(u, 5) is true .. of %um N













