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lincar differential equation is an Cquatigy, thy
der
A sccond -
be written in the form dy . ao (x)y = b (x)
L W@ &l
a ; :
(d:' a0 (¥) an db (x) are continuoyg funchons Xy
X),
Hcrc dZ (x)’ a1

hen a, @,,d, arc constants, we say thy the ¢
When 4,
vnal D.

Uatigy
an inte fficients; otherwise it has va.mablc co-efficieng
has constant co-eflic sted in the linear equalm? where q, () =0 In lhy
) are intere S r
Now we drsq— 'l‘l'e the above equation in the form
i 2 dy =g (x) )
d =~ +gx)y=g )
._lz +p(x) dx "
dx G Lo g = SQ(_)_
where p (0 = 70 4k
. - > '14 n
iated with each equation (2) ts the cquatio
Assoctate dz\’ g‘x ya q (x) Vo= O ---(3)
w P

/ 0
¥ x) by zero. We say that ()
v btained from (2) by replacing ﬁ(f)(a,)y ts the  correspondiy
S Oh.d geneous equation and ! "d.‘ ﬁqr.gcneou.\" is not relatef
5 1 kD ' H the mcaning “ho == ts used i
— cquation. Here o m but 15 us ‘

homogeneous tgu"iﬂm for the first order L,qud[l: o

kg ¢ Sk ;us system of lincar cquations as

lnc b, B
sense of homoge

e I f n'" order is of the form
: Al & of +
A lincar differential Lqua‘:lonl A2y
_ SRS
dn + dn -2 n-2
dn ‘“‘E + an—| dxn = .{if1 (4
+al‘—1x+ao = F (x)
— dx ¢ constants. i
where ay, gy - ay, ay depend only on x 0 (s called?
4 n, = Ly wasne y A

ety (4)
. :n equation (
if ap,ap - ... ay aq are constants, then eq When n ==
‘o-efficients.
ditferential equation with constant co-efficie

Sccond Order Differep, ial
m‘\-\
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a, %Y, @y "
Pt TN gy agy =g a
15 called a lingy, diﬁ'crcn!ial

Cquation of order pw,

d
dx 59 that Dy - 2’ then equation (3) can be

If we use the
differential Operator D g,

written as

n
“nDy+‘1n—lD" ly+anAaD" 2y 4
........ +a]®+a()y= 5 )

(6)
can also pe CXpressed in the form
(an D" +a,_ pn- tay,pn2,

..... +a;D+a0)y=F(x) (7)
Here it is taken that cach ter

m in the Parentheses Operates on 4,
In brief, the aboye €quation

«(8)
where @ (D) =an D" 4 4, | pyn anapre2g +a,D+gq
2
For example i‘z‘! - 3% *2Y =giny IS Written i the form
D)y =F(x)
Where ¢ (D) = p2 _ 5 2 and F(x) = gip ,
Linear operator
ARy operator pn g called a liney, Operator
if D"y + v) = pn () +pny
and pn (cu) = ¢ pn (u) {9)
where 4 angd | are differentiap|

€ functions of ¢
8cr. It can be shown that ¢
nditions

1S a positive inte

and ¢ 5 g constant. Also
It satisfieg the co

D) is also 4 linear

operator
? (D) (u +v) =P D)u+¢ D),
and @(D) (cu) = CP Dy (10)
Our intereg; i to find the solution of the equation
¢ D)y =F( (11)
The associateq homogene oy €quation is
D)y = (12)
We shall first solve the €quation (12

'2) and then by its help, we
the solution of equat

ton (11)
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23.3 gD or D" behaves like an algebrm
5 ! OPC"“ &nﬁty

(Indey 1,

=@-m) P my - (commutative 1,

m2) Y =[D* = +my) D+, |y (Factor 1,
o “r ‘cmphaziscs that any P(’lyﬂomxzﬁ in Operatg, )
d if the co-efficients in the Polynomiy D

ar

1_mp+6=D-1){D-6)

a be factor®

¢g $N=R
q py=mb Ta D’

1 factorise @ (D) as

we Ca
¢(D)=”0(‘D"m

) (D = my) e (D-m)
Solution of p D)y = 0
If ¢ (D) is 2 polynomial

{ linear factors we have
0 $ (D) = a0 (D —m1) (O =m2) (D = mn) =0

0 are mi,m2..JMn then the homogeneoy
) in terms of these functions is

of degree n in D, factoring ¢ (D) in temy

The roots of ¢ (D)=

equation (auxiliary gquation
(D — m1) (D —m2) (D —mn)y =0

This equation will be satisfied by any one of them say
®-m1)y=0.
©-m)y=0=>Z—my=0

d
;x=m1dx ory1=cre™”

Similarly y = c2¢™, y = c3e™>..c..yn = Cn € o

f also individually satisfy the equation ¢ (D)y = 0 which ar
of (D=my)y=0,(D-myy=0 etc,

e solutio

Note : . -
m1,my, ... my are the roots of the equation f (™) =0

f(m)=0is called auxiliary equation.
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Theorem :
If y1 and y2 arc solutions of
. P (D) =0 then c1y; + c2y2 s also a
Proof : Since y1 and y; are solut;
10ns of =
¢ D)y, =0 B
¢ (D)y,=0 "
o A2
Multiplying (1) byciand 2) b (
y c2 we get
¢ (D) (C1Y1)=0 :
¢ (D) (c,¥,) = 0 since ¢ (D) is a linear operator.
él.;o ¢C(D) €y +cyy,) =0
s.y=c1y1 +c2y2 1s also a solution
' of ¢ D)y =
This result can be extended to n solutions y,,y i S
2Py sl

ie f yp, Yy Yq AE the solutions of ¢ (D)y = 0 then
y=c 9 F Yt +c_y, is also solution of ¢ (D)y =0

Note : This equation has n arbitr
ary constants and h :
(D —m) .. (D — mn)y = 0 has solution Pt Egeops

— m
)"—Celx+c eMX 4+ o oMmnX

1 2 n
Example 1
Consider the equation
Solution :
dy _ ,dv
22 i +2y =0.

This equation is in the form
(D*-3D +2)y =0
DO-1HD=-2)=0
D=12o0rm =1,m,=2
. The general solution is y = Ae* + Be™
N In the above ar‘xa]ysis of the solution, we have taken the roots
pMy, .om_ as distinct. Let us now discuss the solutions depending
i :
pon-thc nature of the roots of the second order linear differential
€quation.
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: differential equation QU
233 ~psider the lincar X

il’+a\%+a”y=0 , o
a dx?_ _0 Second Order D:ffcrcnhgl Equations with Constant Co-efficients 236
(a Dz + a‘ D + ao)) y = c‘e((l Hif)x 4 Cze(a - 1P )x
ation (lzDz +a, D+ ay =0 are e =c e (cusﬁx +1 sinﬂx)
f the €qu dang -
1 the roots 0 N . tcye (c()s Bx + isinfx
i =¢ x.(AcosPx+fsinpr)
aﬂd my — D-m =)}
ay tion of the 43 (D ) ( DY =0is Solution for non-homoge ~ i
hen the solu = T Bem:x Solu ogeneous equation
; = A€ = 1 5 1 ~
—y e i Ify = u (x) is the solution of ¢ (D)y = F(x) and y = v (x) is the solution
0Se the roots are real and €qual say m om of ¢(D)y= 0 then the complete solution of dD)yy=Fx) 1s
Casez:SuPp. isaz(D’m)(D—m))’=0-lfWeWri\ed y=u@ +vE) ’ |
Then the equation Wy proof : since y = u (x) is solution of ¢ (D)y = F (x)
colution @S mx 4 Be™" B b ?(D) “ ) : F @) (1)
S y= Ae mx _ o g™ y =v (x) is the solution of ¢ (D)y =0
ieyz(A-ﬁ-B)e =L " ¢ (D)v(x)=0 ()
. o is not the genefﬁ1 solution Smﬁe - ﬂmber~°£ aby, ~ Adding (1) and (2),
this goluulon 1 gal 10 2 Soto determlnc {he gencra so\unon, Wy P (D)u(x)+¢(D)v(x)=F(x)
constants 13 not €q D - myy = 0 since a2 # 0
(D"m)(D—m)Z_—_()takmg(D*'m))’=z ¢(D)[“+V]=F(x)
" 4}_ i -uy =u(x)+ \i(x) 1s a solution of ¢ (D)y = F (x)
dx The solution y = v (x) will contain n arbitrary constants and 1s called
mx the complementary solution.
A\ : t e = (. € 5 L.
>} The golution 1S ¢ ¢4 D m)y =2 % — If y = u (x) has no arbitray constant, it is called a particular solution
: ing the value of 2 in (O 7Y =S of ¢ (D)y = F ).
Hence P it emx Theny = u (x) + v (x) will also contain n arbitrary constants and s called
(D= m) ) 1 . the complete solution or general solution of ¢ (D) (y) = F (x). u (x) 1s
dy _ my =€y €

called complementary function of the given DE and v (x) is called the particular
integral of the given DE.

Hence for the homogeneous equation,

d
=C1x+62 azzizx+aléx+a

mx ax Y =0
= (Crx Al (;2)8 ) he genefai ol ie azD2 +a,D+ayy=0
H hould take y = (¢, X + C,) e™" a5 ¢ i) If the auxiliary equation has real and distinct roots my m,, the
; ence We S ‘ ' olution is y = 4¢™* + B¢ ™*
the differential equation. y say +

re imaginer
Case 3: Suppose the roots are 1ma§ "
iem1=a+iﬂ and M, =

e ————A——-
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g . naginary

y* § (A[;e roots i B i ﬂX) Eirst We Skly e meiliod involving operators

i) 1f = (A cosB ¥ +pso I. Inverse operators ; 1 1 and 1

ot =€ 'D, r —_—

i) Y Consider the equation = : (D)
Example 3y =0 _ By-=x A1)

e (Dz _aD+ From this, we symbolically write y = - y @

: — the question that arises is what th .

So]uﬂon on 15 . p € equation means :

5o xiliary equﬂﬁz am+3= 0 If we integrate (1) we get

-3)y= - s
_1)(m = =
ie. (m 1) ( y Xxdx 2 +c.
e roots are 1, . 46 +B e3x from this we learn the definition that

. . 1S = 1

- the genel'al solution y y D x= J xdx-
Enlﬂl"e 2 . We do not attach the constant of integration since it is the PL

2_eD+9Y= ; e

Solve (D 6D ) Thus the operation of multiplying by % means integration of the

ution 2, = . 5 .
Sot iliary equation s@-3Y= 0 function. Similarly the meaning of # is integrating the function twice

The

=33 :
- the roots ar¢ m  (4x + B) and —1-5 means integrate the function twice and so on.
.. the general solution 18y = € ( P .
plc 3 Consider the operator D

Solve (DZ +D+1y+ 0° Consider the equation (D — @)y = f(x) where a is a constant.

Solution : e " Let us formally write y = D-l-a fx)
- oo | +1= : . .
the auxiliary equation 1S % ‘-{/-—-m Since (1) is 2 linear DE, its solution is
-1+iV3 -
the roots ar¢ m=""2"—_ o = y=eaxf X f (x) dx (2
N B )
L =2 ,L.\~B>m/\ Th _GXJ' ¥) dx
- the solution isy=¢ = (A€ 2 us we define 7 ‘71 ®) )
. s cular integral: { Taking & = G, we have

Methods of obtaining the particu —_— sy =) ;,yi | . J:

For any non-homogeneous DE the general sO rticul® int! y pf®= fye
ye is the complementary function and yp 1S is the P joul

Now we look into the following methods of finding
1. Short cut methods involving operators

Jlathe Sy R R R B B AR
pal say @ and m, then the iy
arc q uhq




—a2)y =f()

—_a) @

we symbolically write the

S

1% re
v mﬂsldirre copstants: He
NeX " nd @2
where @1 n /1/f(x)
quation L ay) @D - a)
L [ Ao
D =%
rhis meass Y T D~ L
Y
= ety
Joler S
=€ -
d the result .
Similarly We SKEPE Ty ey
EICED I

=€

X o LI
alee-alx‘eaz fe

& f et f ) &

¢ algebriac symbol 0

: eha\'CS llk -
Since D b expression

are all constants, the

al,az,an
1 can also be
[ N—
(D o al) (D s az) saees (D i an)
fractions.
B Ta) D -ap . @~ )
A
- Al % AZ— + —a—
D — al D = a2 D - al'x

Here we assume that @y, a,, ... @, are called al

determined constanis,

1 -
(B e an) f©

beving all laws of algebni

resolved 0 i

i
| different For*
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— A f(x) + _/.4_2_‘ An
D - a, D azf(x) L+ " f(x)

n
=A1ea1xfe “UNf (x) dx +A2e"2"fe‘“2’f(ndx

+ o+ Ap X e"'""[(x)dx U

This procedure is easier than the earlier procedure of evaluating the
particular integral in L
Now let us consider the DE
P D)) =F )
where ¢ (D) = (an D"+ga D" '+

+a,_ D +ao>

a, ad,, .4, being constants. For solving the above equation

" 1
bolically we have y = ——— F (x)
1 .-:
where & D) represents the operation to be perfomed on F (x) _ i
Here ¢ (D) can be factorised and using the methods explained (either *
directly or by partial fractions ) we can obtain L f) ]
¢ (D) :
1 . :
Here " (D)f(x) 1s called the particular solution or particular integral |

of the equation ¢ (D} y = f (x) since p (ID)f(x) is that function of x when
operated by ¢ (D) giv?_s fx)
et ) |/ 0| =F

1

Here vy = m—j’(x) 1s called particular integral. Here we also note
that — L i also an operator like o
¢ (D) D D-a

Short cut methods for special types of PL:

Let us look into some short cut methods of evaluzing particulat integrals
where the function £ (x) on the RHS 1s of special type. We will discuss the foliowing
types of special functions which appear on the RHS of the linear DE

,’) F (r) = %%



AV, u\ﬂclnalics

is any function of X
v

=€ m cos @X
F®) _ x co

v) m of funcnon of x

ating particular integral:

"1+a20n 2+_...+an "1D1+an)e
Now (@ D" + @1 D = (@od" + 0182 + ot 0¥
ThlS means ax
ie ¢(D)e =¢@e¢
- wWE get

ating on both the sides by — ¢ ( D)

Oper
L ord] -5 PO !

¢ (D)

This implies ,
—¢(a)¢( D) X since #(D)
Dividing by ¢ (a) we get the formula

. ator
_is a linear operd

1 & =

sD)° ¢ (a) -

When ¢ (a) = 0, this method fails an

d . factor
procedure. .

_q) 1
If 6 (a) = 0 then by factor theorem, (0 ~ )

ax it ¢ (a) # 0 the fdw
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Let ¢ (£, = (D — a) v (a) where Y (a) = 0.
Then 1 Mt L

. if (D —a) 1s a factor of ¢ (D),

;:L)—)e(“)=xwta)eu if y(a)=0
Note ¢(D)=(D -a)¥ (D)
¢ D)=L -a)¥(D)+¥ (D)
¢'(a) =0+ W (D)
¢’ (@) =¥ (D)
". We can also apply the formula when D — g 1s a factor of ¢ (D).
I ax_ 1  a

¢ Te@°
Similarly we can show that if (D — a)® s a factor of ¢ (D)
i e if ¢ (D)= (D — a)*h (D), then
1 - ax 1 ax
s> T2Th@"
1 1
¢ (D) @

Case 2 : Suppose F (x) = sinax or cos ax

"o Nl’k

ax

or

we know that D (sinax) = acos ax
D? (sinax) = — a* cos ax
p? (smax) = — a® cos ax

p* (sin ax) = a*sin ax

‘ 2 . 2.2
le (DZ)“ sinay = (—a”)” sin ax



s = p(-a 5
ure fails. In that case, we can proceed

If o) (’_.a') =
. f"““"“‘] 0 onlv if D* + 22 is a factor of ¢ (D)
o4
0y = (D +)Y D)
Let ¢ (D’ ( 1 ______.,1_.——~ <10 ax

:.msmax \P(D) (D +a%)

1
we evaluate -
Fird we ¢ o +025‘m

1
and then operate on both sides Dy

1 1P ( eiax
B s i = 0
Now o a2 sinax Dz + az
(. ¢* =cosax +isin ax)
1 jax
= - ¢
IP of (D - D+ ai)
=[P of ——————‘ -1— g™
-al 2ai
. 1 1
— ”) of == ,1ax
R D —a

=P of ;]— xe™
i

cond Order Differeny; .
eaes r Differential Equations with Constant Co-efficient
4 : icients
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ix
IP of - a5 (cos ax + ¢ sin ax)
— _ Xcosax

2a

The same is the procedure for evaluating

¢ (D).COSGX

Case 3 : F(x) = sinhar or cosh ax
Proceding as in case 2, we can show that

- sinh ax = 1
MD) ¢ (@)
— coshax =

p(D?) ¢ (@%)
Case 4 : Suppose F i) =™

cosh ax

cosh ax

Here q—)(—D—x =[¢p(D)] X

We can expand [¢ (D) ] “lin ascending powers of D as for as the
term containing D™ and operate on x™ term by term Here we do not
consider the (m + 1™ and higher powers of D since 0™ © ' (x™) and
higher order derivatives of x™ vanish.

Here it will be uscful to remember the following binomial expansions

(1~D) (1+D+D*+ .=

(1+ D) 1=(1—D+D'— D + . =)

(1=D)2=(1+2D+3D*+ ..=)

(1+D) 2 =(1-2D+3D" - . =)
Case §:

Suppose F (x) = ¢ v where v is some function of x
Here we have
D (e™ by = XDy + ae®™* v
e [D + a] !
Also ”3 ((,ax p) = e D?\ + uc.n .DV + ae®. (D + a))
“D v+ aet.Dv T XDy + a” e
= [[)\+_11D\+(’\1|



Mawhematicg

g WC B +a)y?
gimitarly i"'o‘;cdmb 1My = & (D )
a8 Mv)=€ p+e) ¥ (1)
"= v
and in geBer (uv)=0“¢(D+a)
Herc

-(2)

——— we get
rating Ont both the sides by 30
Ope 1 )
1 _v= D e vy
csorot ¢
and in general . .
—— (V) =¢€ )
7D Y
Case 6: '
Suppose we have 10 determine thc P1
1 mgnax of —7py —— x™ cosax
¢ (D) ¢(
] = __1'___xm eiax
e ¢>( [" cosax +isinar| = py
1
= el mxn

; | of
RHS can be evaluated using the case 4 and then equating the rea
imaginary parts, we get the required Pl
Case T:

Suppose F (x) = xv where v is any fuctions of X
D(x)=xDv+v
D? () =D (xDv + v)
1Y D () =xD3v + 3D%

Sccond Order Differential Equations with Constant Co-

-on: Co-efficients 23 |
In general

D" (xv) =xD"v 4+ n pn-1,
or D" ("V)=xD"v+—d-(D")v

Since ¢ (D) is a polynomial in D, we may write the above result as

¢(D)(1V)—r¢(D)v+¢ (D)v

|
Now put ? (D)v=V1 so that
__1 Vi in .
=
¢ (D) i 1o equation [.
(D
Then ¢ (D) |x [ ¢(D) =xV1+ ¢ (D)mh 11
Operating on both sides of II .
p g S O by ——— ¢(D) we gel
: W)+ ——o (D) —— v,
¢ (D) T3 (D) # (D) ¢ (D)
This implies that

1

Here V1 is any function of x and hence we have

I
% D))= [" 7By ’]

(D )
Exampie 1
Solve (D> —=3D +2)y =& +2
Solution :
The auxiliary equation is m* — 3m + 2 = O
(m-=1)(m - 2)
m= 1 2.
" the complementary function is y = Ae* + Be™
Pl = > 1 t‘SK + 2 : -2
D°-3D+2 D -3D +2
1 Sx 1
=+ =
B-15+2° T3°
5x
e
=1 +1

6



the auxiliary equation ism

m-3=0 nm=33

the complementary function 1S

y:e:;x (AX+B)
Ple———"1— *
(D* - 6D +9)
= 1 2e3x
D-3)
xZ I
"1 =gt

\
~. the complete solution is

3x

Mathematicg

Examp‘e 2)y = er + €
Solve 1Y D L,
golution : i N »
jliary equatt x
" Aez“ + Be
function sy =
le entany . ex
he compP , ezx " -
s B e ;
e
’w—nw+qx
1 1 er - Ee
=3 D=2
S 3 D=7y
J = G hE -3
jon 1
the complete solutiont Ny
x4 B +5¥X¢ -
g y=Ae" t
" Example 3
Solve (D2 _6D+9)y=¢
Solution *
0 2 - em + 9= 0

( failure case)

-

s d Ord i = .
Secon rder Differentia] Equations with Constant Co-efficients
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Y= (x + By + £ gk
Example 4 2

Solve (D2 +D —2)y =sin2r
Solution :

the auxiliary equation is m? + m — 2 = ¢
(m+2)(m-1)=0
Som =—2, 1
the complementary function is
y = Ae" + Be %

1
Pl=————
D*+D-2"
R S
“4+D 2B
1 .
D__6sm2r
__D+6 .
== sin 2x
D* - 36
D +
-(—Qsin2x
-40 ]

in 2x

1 2
= —E(2cos2x+ 6 sin 2x)
1 .
= —Eﬁ(coslr+ 3 sin 2x)
. the complete solution is

y=Ae" +B~ % - —2% (cos 2x + 3sin 2x)
Example 5§

Solve (D? — 4D — 12)y = sinx sin 2
Solution :

(D* - 4D - 12)y = %[cosx — cos 3x]

the auxilliary equation is

mi—4m-12=0

(m—6)(m+2)=0



. - “\ut 1
the complementary function is y = 4¢6% Be~2 W

Pl = - L (cosx — y
= D2 —4D - 12 2 Cos 3x) Second Orde; ‘ffcrcm. .
—'—'———“'—1 1 1 =[P of 1
= 5COSX ———u=" 1 N .
D? -4iD -122 D? ~4b _ 1, 3083, @ + q) (D \1"")
1 =IPof 1,
= (4D +11) 2 = 1 - x glax
- 1 Ty s 2
(4D +11) 2 (4D + 21y 3 cos 3, =tror ke
D oy 3 A o2y e
( - 10D - 441 2% = - ZCosar X sin
+ 253
—= (4D —11) 1 cose - 4D =21) "+ the compler 82:1 i <
137 2 585 5 Cos3y Olution jg

1 _ —12sin 3y | ‘Q‘E+”i"‘u
=5 557 (—4sinx — 11 cosx) — 117021 Cos Solve the fo)jpu; Exercise 12‘J I

d al )
_ _Asinx +11 cosx 4sm3x+7cos3x !.43‘63'*8)1:0 Quatiopg
- 274 300
; 2 , 4 &
". the complementary function is il
y =A% + Be ™™ &
. ) +y =
4sinx + 11cos,x:+ (4sin 3x + 7 cos 3x) ar? gives y = Oforreg .
- 274 390 ¢ 3y & VS = 2forx= 2
ar? ~ + (02 + 52 P
Example 6 s i

Solve (D2+ az)y = sinax + a cosax
Solution :

d
6.
. . 2 2 ~
the auxiliary equation‘is m“ +a°=0 &Y=y,
om==xa d
Z.
» 's dr2‘4dt\5v=e3x+
the complementary function 1 ; o
y=Acosax + Bsmax g d . 3
sin ax + aCOSax " . dl’zz dr y*chslr
P1=Dz+a2 D*+a T (D ~D 43,



Second Order Di
ifferenti :
c u)mplc,ncmary et & onstant Co-cfficients
1S

,‘/=Ac052,r+3(\inzt
Pl = 1 XZ

B2

". the complete solution is

y=ACOSZY+B§jnzt+l<Z_l)
4

the complementary function 15 1
X ( + Bsin 3 x) )% Example 3 2
_ 2% (Acos 3 ¥ > !
y=¢ N Solve (D? — 2D + 1)y =| -
1 _ \’\ 6 . Solution : )y f*}'* 1/,‘* sin 2x
Pl = X o )
p*+D+ 12 » i the auxiliary equation is m* = 2m + 1 =0
=[1+D+D] = A T
\ : 2 D2)2 + ]ﬁ The Complcantary functian is )
o rd LB
U =[1—(D+D)+(D e (A 4 B)
B = 1
complete solution 1s i )
the P 3 _‘_/3-_ +X"‘1 _(1_D)z(xz+1)
y+Acos“2"x+Bsm2x e B2
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