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Chnptt'r 23 Second Order Differential Equations With Cons 
C lan1 

oef1icien1 
A second order linear 

be •.nittcn in the form 

. . . s t ial equatton 1s an equation that di~ren ~ 

' d-y d 
a2 (x) dx2 + a1 (x) dx + ao (x)y = b (x) 

d ( 
·•.(!) 

Herc ai (x), a1 (x) , ao (x) an b x) are continuous f . - unction 
an intc\

11
al D. When a0, a I' a2 are constants we say th s of x . . . ' at the e Ol) 

has constant co-efficients ; otherwise 1l has variable co-effi . . quati011 
. 1· ic1ents 

Now we are ir.terestcd m the mear equation where · . h b . · ai (x) ~ 0 I 
case. we can wnte t c a ove cquallon m the form · n that 

d2y dy 
dx2 + p (x) dx + q (x) y = g (x) 

... (2) 
a1 (x) a ( ) 

where p (x) = -- and q (x) = ~ -
a2 (x) a2 (x) 

As~uciakd with each equation (2) is the equation 

D_ <J1_ 
dx2 + p (x) dx + q (x) y = 0 ... (3) 

v. hich ts lJt,1ained from (2) by replacing g (x) by zero. We say that (2) 

is a non-homogeneous equation and that 0 ) is the correspon'd~ 
homogeneous equation. Herc the meaning ' lll)mc,geneous' is nol relatcl 
Id the u:-.c uf the term for the first order c·.q uation but is used in !lit 
sense of homogeneous system of linear equations as studied in linw 
algebra. 

A linear differential equation of n th order is of the: form 

dJ:_ d" - 1 y ti" - 2v 
Gn - + Gn - 1 -~ + Gn - 2 --- + ...... . 

dx" d n - t L n - 2 r • C .t: 
dy ... (l1 

.. .. ... + a 1 - + ao == F (x) 
dx 

whcr · a a d t · 1.. n, n - 1, .. ... a1, an cpend only on x or cunstan ~- . 
If · allcd a 11011 

__ a n. Un - I ...... a 1 a {I arc constants, !hen -: 4uation (4) ts c 
J1tkrcnt1al c:qu· t. h • ' h r ::: 2. a ton wit constant co-effa·1L' lll~. 'A en ' 

.. 

Se<ond f hdc, Difbe,,c ;, f Eqo,., ;.,"' w;fi, C:on,c '"' C o-df"''"t' ---A?c 
d

2 
d 

a __ y_ + " ~ + a y = I) 
2 rb, 2 I d;x (I . 

;, call, d a I;"'" d;rfr"ot;,I eqoa< ,uo of <Udo, twn If w, osc th, 

a;rrmnti, I npernt"' D fn, ,J_ <o that Dy , dJ'. t hco eq oat ;oo ( 4) can h, 
ctx ctx written as 

... (5) 

D
n on - 1 n - 1 

an Y + /Jn - I y + Gn - i D - y + .... ........ + a 1 Dy+ aoy == F (x) ) 

This equation can a l~o be expressed in the form . ( t>) 

(an D" + Gn - 1 on - I+ Gn - 2 on - 2 + ... ... . 
..... + a1 D + ao) y === F (x ) ... (7) 

Hm ;t ;, taken that e,oh tenn ;n the PMeothoscs opc,at,s on y. 
In brief, the above equation can be written as 

¢ (D) (y) === F (x) 

.. (8) D
n D" - I D" - 2 D whm,P (DJ aa, +•, - t +a, . , + .. +at + a

0 
2 

Fo, example ~ - 3 ~ + 2y a , ;n _, ;, w,;tteo ir. the fo,m 
¢ (D) y == F (x) 

where ¢ (D) === D
2 

- 3D + 2 arid F (x ) == sin x 
Linear operator 

Any operator D" is called a linear o perator 

if D"(u+ v) === D" (u ) + D" v 

and D" (cu) === c D" (u ) \ .(9) 

whm u and , a.-e tl,ffeteotiab(e fo oct;on, of x aod e is a ,,,nstant Als" 
., is a po,;tive integc<. It can be shoWn that¢ (D J is also a lincac " Pmto, It satisfies the conditions 

rp (D ) (u + v) === ¢ (D) u + ¢ (D) 11 

a nd ¢(D) (cu ) === c ¢ (D) u 1 .. ( 10) 

Our interest is to find the solution of the eqnat1,m 

¢ (D) y ===F (r ) ( II ) 
The associated homogeneous equatinn is 

¢ (D )y == O ( 12) 

W, <hall fiw solv, the equai;on l l 2) and then b, ;ts help, w, c>hr"" the solution of equation ( 11). 



- ---.:::''I:\ 
n behaves like an algebraic q , 

'J3 .3 ...erator D or D ua.ili~ 
- . l Oy-

d'ffereolla 
~he ~\ow: n (Drn) y (Inde)( la'it) 

as given 0 rn (D")Y == D ) (D - m1)Y (commutative la 
== (D - m2 W) 

-p -nii)(D-mz)Y 2 _(f11 +11Ji)D+m11nilY , (Factor law) 
l ) (D - ,112) y == [ D . , that any polynomi.il in operator l) 
ro - mi phaz1scs . 
' 1 w further e[ll · ·c the co-efficients m the polynomial 
factor a factored l arc 
. . (D) can be 
I t: <P 2 7D + 6 = (D - 1) (D - 6) 

constants. D) == D -
ie rp( 1 n-2 

If rp(D) == ao D
n + a1Dn- + a2D + ..... . 

..... + an-1 D + an, then 

f ctorise <P (D) as · ) (D - m ) 
we can a (D _ m ) (D - m2 ······ n 

rp(D)==Oo 1 

Solution of <P (D) Y == ~~l of degree n in D, factoring ¢ (D) in terms 
If ¢i (D) is a polyoonu 

of linear factors we h~ve == ao (D - m1) (D - m2) .... ·(D - mn) = 0 
<p ( ) mz mn then the homogeneoll! 

(D) == O are m1, ·· . 
The roots of 1' . ) . terms of these functions 1s 

equation (auxiliary equation m (D - mn) y = 0 
(D - mi) (D - m2) •····· 

. fi d b any one of them say 
This equation will be satls ie y 

(V - m1)Y = 0. 

(D - m1)Y = 0 => ~ - m1y = 0 

dv mix 
=-'- = m1 dx or Yl = c1 e 
y 

S.mil l mzx mJX :y - Cn e moX 
1 ar y y :::; c2 e , y = c3 e . • •· • • • n - 1 tiOSI 

I . di .d 11 . fy h . A. (D) y - 0 which are so u a so m VI ua y satts t e equation 't' -

of (D - m2)y = 0, (D - m3)y = 0 etc, 

Note : m1, m2, ,.,,. mn are the roots of the equation f (m):: O 

f (m) = 0 is called auxiliary equation. 

second Order Differential Equations with Conslant Co-efficients Ll.4 

Theorem : 

If YI and y2 arc solutions of ,p (D) = o then ct YI + C?. Y2 is also a 

solution. 
Proof : Since YI and Y2 arc solutions of ,p (D ) y = o 

r/> (D)y1 = 0 
rp (D)y2 = 0 

Multiplying (1) by Cl and (2) by c2 we get 
</J (D) (C1Y1) = 0 

4> (D) (c2y2) = 0 since ¢ (D ) i.s a linear operator. 

Also r/> (D) (c1y1 + c2 yi) = 0 
,;-. y = Cl Yl + c2n is also a solution of q, (D) y = O 

This result can be extended to n solutions Yv Yi ..... y n 

i.e If Yi, y2 .•..• y n are the solutions of ¢ (D) y = 0 then 

y = c
1
y1 + c 2 y2 + ...... + CnYn is also solution of <p (D)y = O 

.. . ( 1) 
... (2) 

Note : This equation has n arbitrary constants and hence the equation 
(D - m1) ..... . (D - mo) y = 0 has solution 

y == cl em,x + c2 emiic + ..... + en em,,x 

Example l 

Consider the equation 

Solution : 

~ -3: +2y=O. 

This t!quation is in the form 

(D2 
- 3D + 2) y = 0 

(D - l) (D - 2) = 0 
.D = 1, 2 or m 1 = 1 , m 2 = 2 

. ·. The general solution is y = Aex + Be2."< 

In the above analysis of the solution, we have t~en the ro?ts 
m 

1
, m

2 
, ... .. m as distinct. Let us now discuss the solutions dependmg 

upon the nat:re of the roots of the second order linear differential 

equation. 

168 



-- Jiff~rcntia\ equation 
linear . 

\ ' (c - 0 case · t2v gy + an Y -
~ +a\ dx a? 2 

~ Jxz + a D + ao) y == 0 

(a D \ D2 + a D + a = () . 
uatiun a2 \ o are real a d 

b of the eq l\ lli1.1~ 
If the roo - ~ 

nt and 111 1 (D-m 1)(D-m2)y==Ois 

Second Order Differential Equations with Cun~tan t Co-efficient, 

Y = C /a +i/f)x + (a - i/J) x 
I C2 e 

= c 1 ea x (cm/jx + i sin fix) 
+ c2 eax (cus /jx + i sin /Jx) 

= e'-' x . ( A cos f3 .x + {3 sin /J.x. ) 

23.6 

say l t ' on of the a 2 Solution for non-homogeneous equation 

h n the solo i mix + Bem'!){ \ . . . . . 
t c: ly == Ae If y = u (x) 1s the solution of¢ (D) y = f (x) and y = ,· (x) 15 the solution 

U. ts are real and equal say rn .... of ¢ (D) y = 0 then the complete solution of rp (0 ) y = F (x) is the roo ' .,,. 
se 2: Suppose . -nt)(D-m)y=O. lfweWrite y =u (x)+v_(x) . . 

Ca quation ts a2 (D do'i/ti~ Proof : smce y = u (x) 1s solution of rp (D) y = F (x) 
Then the e we have ¢ (D) u (x) = F (x) 

solution as mx + Bemx y = v (x) is the solution of ¢ (D) y = O y == Ae mx mx 

... { l) 

. - A + B) e == c e . </> (D) v (x) = o 
1 e Y - ( ral solution smce the number o{ atb~ Adding (1) and (2), 

.. (2) 

. t the gene . h . l l . ' . . solution 1s no . So to determine t e genera so utton, we,~ ¢ (D) u (x) + ¢ (D) v (x) = F (x) 
this . ts is not equal to 2. ::= 0 since a2 '# 0 
constan (D _ m) (D - m))Y _ 0 taking (D - m)y =z 

(D - m z -
~-mz==O 

i.e dx 

mx 

The Solution is z == ci e . h e 
(D _ m )y ::: z, we av 

. the value of z m 
Hence puttmg mx 

(D - m) y == c l e 
d mx .1.. - my == c1 e 

dx f mx - mx dx + c2 
-mx _ c e e 

or Ve - 1 
• - C X + c., - 1 ~ 

</> (D) [ u + v] = F (x) 

: . y = u (x) + v (x) is a solution of¢ (D)y = F (x) 

The solution y ·= v (x) will contain n arbitrary constants and is called 
the complementary solution. 

lf y = u (x) has no arbitray constant, it is called a particular solution 

of¢ (D)y = F (x) . 

Then y = u (x) + v (x) will also contain n arbitrary constants and is called 

the complete solution or general solution of ¢ (D) (y) = F (x). u (x) is 
called complementary function of the given DE and v (x) is called the particular 

integral of the given DE . 

Hence for the homogeneous equation, 

i:J_ ~ -
a 2 dJ, + al dx + aoy - 0 

mx 
y :::: ( C f + C 2)e 

mx 

( + C ) e 

~ so\ulitt 
as the gener 

i e a2 D
2 + a1 D + a

0
y = 0 

i) If the auxiliary equation has real and distinct roots m 1, m~, the 

olution is y = Aem ,x + B e ffi !.l 
should take y :::: cl x 2 Hence we 

. ~i~ 
the differential equation. . ginery saY a -

h ots are ima ~ 
Case 3: Suppose t e ro. , :::: a - ifJ 

i e ml == a + I~ and m2 

: . The 1Leneral solution is 



- ---"tilth 

1 
say 111 and m, then the c~ti~ 

7 are equa S()\111;.__ 
'?l roots ""1111 • 

Second Order Differential E . quauons with Constant Co-efficients 21.8 
- .. )Ifthe ·Ath th I 

11 L B)· _ _:..,arv say a :t ',., en e solutio • 
flllC (:A.t -r jnl~ • I\ IS 

y ~ e o0ts are 
···) If the r __ ,q + R. sin p x) 
1U ax (A (;0¥'.t ~ 
···) y ~ e ill . 

fPll'ple l + 3)Y::::: 0 
solve (Ir - 41) 

SoiutiOD : uation is 
'fhe auxiliatY eq m2 - 4m + 3 ': 0 

. _ l) (m - 3)Y -O 
1 e. (m 

_,.tc. are ·1, 3, 3x 
. the r"""" . _ Aex + B e 
· · al solution is Y -
:. the gener 

EsaJDPle 2 : . - 0 
Solve (D2 - 6D + 9)Y -

solution : . . D _ 3)2 y = 0 
__ ..:1;ary equauon is ( 

The aU1JU 
ts are m == 3, 3 

:. the roo . . - e3x (Ax + B) 
:. the general solutton is y -

EsaJDple 3 

Solve (U + D + l)y + 0 .. 

Solution: 
· · 2 +m+1=0' the auxiliary equatton 1s m 

-1 ± i V3 
the roots are m = 2 (-: 

\ r:; '\J ) ) 

- x .,,,1.:i --!- Bsin--" 
• ' ) I 4 COS - .\ ' 7 

: . the solutton is y = e - \ · ,., -

Methods of obtaining the particular integral: . . ::: ye +~t 
al olut1on 15 Y ~ 

For any non-homogeneous DE the gener s ... , .. 1' intef" . h parucUJAP ~ 
Ye is the complementary function and YP 15 t e . particUla' 

Now we look into the following methods of fin(iing 

1. Short cut methods involving operators 

2. Method of variation . of p · arameters 
rirst WC study the method . l . . mvo vmg operators 

I. Inverse operators : 1 1 1 - , --and--
-D D -a t/> (D)" 

Consider the equation Dy=x 

From this, we symbolically write y = .l x 
D 

the question that arises is what the t· . : equa 10n means : 
If we integrate (1) we get 

y = f xdt :=~ + C. 

from this we learn the definition that 

.!.-x = f xdx -D . 

.. . (1) 

... (2) 

We do not attach the constant of integration since it is the PL 

Thus the operation of multiplying by ~ means integration of the 

function. Similarly the meaning of _!__ is integrating the function twice 
D2 

d l . th fun' . an D
3 

means mtegrate e ctlon tWlce and so on. 

Consider the operator 1 
Consider the equation (D - a) y = f (x) where a is a constant. 

Let us formally write y = -D l / (x) -a 

Siuce (1) is a linear DE, its solution is 

y = eax f e-ax f(x) dx 

Thu• ,;. ~fine D ~-;;{ (x) = ,m J e - ~ f (x) di< 

faking a = 0, we bale 

· 1 f 
vf(x) = J_f(x)dx 

... (2) 

.., 

ffi ; 
<:t 
> ' ... 
I 
1 
\ 



D - a2)Y ==f (x) . 

(D _ co) ( we symbolically Write th 
9 •Jer 1-Iere c ah.. 2.3. coost nstants. "lllt 
,., :t \JIC. re co 
,~e" d ,xz a 

all 
,\•here '1 1 ~f (x) 

ati,111 as ~ (D - az) 
eqU Y:::=(v-a1) 1 

1 [_!.-J(x) 
-~ v-az 

. means Y - D - a 1 
'fbtS 1 

~ ~[,"2' f ,-ar f (x) dx 

f -a " [ azx f e -·a']}' f (x) dx1 
ax e 1 e 

:::= e 1 

d the result 
exten · 

similarly we 1 --) /(x) 
__....=-..:----(D - a 

~) (D - n. a~i)) ····· I n 
(D - a1 

· f f - ·azx - a X azX e ... .. .. 
al x e 1 . e 

=e 

anX I e-anX f (x) dxn 
... .... e b . 11 laws of algebra] • ymbol o evmg a 

,· e D behaves like algebnac s . , 
.,me t thp expression 

a are all constan s, .., 
a 1 · az, n be resolved into ~ 

1 can also 
-(D ___ a_1_) (:-::-D--....:.a~z)-;-.-_ .. . r(Dn"'-=:--~an) 

fractions. 
l -

ie (D \ (D --a) · (D - a ) - a 21 . .... n 
1 A 

= A1 + A2 + ..... D n C: .,J 

D - a D - a2 - n t for siil' 
1 are called all differen . 

Here we assume that a 1, a 2, .... an 

dttc rmincd rnnstani~. 

1 . J(x) 
(D - a 1) (D - a2) ..... (D - an) 

Second Order Differential E4uations with Constant Co-efficirnl s 23. JO 

- Al f ( ) + A2 J A f - D - a x D (x) ..... + D (x) 
1 a 2 - a 

=A 1 ealx J e - a lxf(x)dx +A
2

e"zx J e~a2'J (x)dx 

+ , .... +An e"nxf e - anx f (x) dx ... II 

This procedure is easier than the earlier procedure of evaluating the 
particular integral in I. 

Now let us consider the DE 
rp (D) (y) = F (x) 

where ¢ (D) = (an Dn + an Dn - l + ... .. +an - ID+ a
0

) 

an , a I' a 2, ... . a0 being constants. For sol\.ing the above equatio n 

symbolically we have y = ¢ /D) F (x) 

where ¢ (~) represents the operation to he perfomed on F (x) 

Here ¢ (D) can be factorised and using the methods explained (either 

directly or hy partial fractions ) we can obtain </> :D) f (x) . 

Here ¢ ;D) f (x) is called the particular solution or particular integral 

of the equation ¢ (D) y = f (x) since ¢ ;D) f (x) is that function of x when 

operated by ¢> (D) gives f (x) 

i e </> (D) [ (~/ (x)] = F (x) 

H ere y = 4> !D) f (x) is called particular integral. Here we also note 

that --
1

- is also an operator like l. or - 1-
¢ (D) D D - a 

Short cut methods for special types of Pl: 

Let us look into some short cut method-, of evalmtii,g particulat intcgr3l, 
where the function/ (x) on the RHS is of special t)pe. We \Vill discuss the foll~ 

lyPes of special function.,c; which appear on the RHS of the linear DE 

i) F (x) = eax 

l 



or cos ax 
_ sin~ h n.,. 

F (v) - COS -ii) ,.. . h a.r or 
F (.t) ::::: sin 

iii) tf1 

f (.t) ::::: .t 
function of x 

· anY 
where v i.s iv) ~ V 

F (x) ::::: e xrn cos ax 
v) - x"' sin ax or function of x 
vi) f (J) - where v is anY . valuating particular integrals: 

)
-tY sesine 

") F (x - · these ca 
\flt now discuss 
{.,cl us ax 

case 1: f (J) ::::: e ax == a e ax 

,,, know that D (e ) _z.~ax 
"e Dz (eax) == a 

: n x 
n (eax) ::: a e 

~ differential equation 
'd the linear n-2 + Const er n - 1 + a2 D ·· ··· ax 

(ao Dn + 01 D D + an) Y = e + an-1 
)eax 

n-2 + + an--1 D + an 
n-1 + a2 D ···· ax 

N (ao Dn + a1 D n + a1 an -1 + ······ + ao)e 
ow == (ao a 

This means ax 
i ie <j)(D)eax==<p(a}e 

· . _!,__ we get 
Operating on both the sides by <P (D) ] 

1 L ax 
_I_ [4' (D) ~) == -(D) <P (a) e 
¢(D) <J, 

This implies . tor 
1 ax . ~- is a linear opera 

lx =¢(a) <p (D) e since <J,(D) · 

Dividing by ¢ (a) we get the formula 

_l_ ax= -1-eax if <I> (a)~ 0 
if> (D) e ¢ (a) 

f ·1 and we When ¢(a)= 0, this method al s 
procedure. ) 

If <P (a) = 0 then by factor theorem, (D - a 

he f~ 
·der t 

co.ost OI 

0
f f( 

. factor 
tS a 

Second order Differential Equations with Constant Co-efficients 23.12 

Let <I> (.u i == (D - a) V' (a) where V' (a) ~ O. 

Then _J___ eax - 1 1 ax 
<I> (D) - D - a . \II (D) e 

_ 1 eax 
- .. ')-a · \ll(a) 
_ 1 1 ax 
- 'l'(a) ·D-=-ae 

= q, ~a) e'u I e -a.x ea.x dx 

=-1-eax f dx 
. '11 (a) 

1 ax 
=x'V(a)e 

: . if (D - a) is a factor of ¢ (D), 

1 (ax) _ 1 ax . 
</> (D) e - x 'I' (a) e if v, (a) '# O 

Note <I> (D) = (D - a) '11 (D) 
¢ ' (D) = (D - a) '11 (D) + \II . (D) 
,P ' (a) = 0 + 'I' (D) 
¢ ' (a) = 'I' (D) 

We can also apply the formula when D - a is a factor of ¢ (D ) . 
1 ax 1 ax 

¢ (D) e = x ¢ (a) e 

Similarly we can show that if (D - a)2 s a factor of ¢ (D ) 

i e if ¢ (D) = (D - a)2 h (D), then 

1 - ax x2 1 ax 
¢(D) e = 2 h (a) e 

1 ax 2 1 ax 
or¢ (D) e =.r ¢ " (a) e 

Case 2 : Suppose F (x) = sin ax or cos ax 

we know that D (sin ax) = acos ax 

D2 (sin ax) = - a 2 cos ax 
D3 (sin ax) = - a3 cos ax 
D4 ( sin ax) = a 4 sin CL'< 

2 2 · ( ' ., · I e (D ) sm ax = -a-r sm ax 



2)3 sin ax 
- (-0 

(D2)~ ~in ,Lt= -a2l sin ax 
. ,, ,. - ( 

(D2l sin.,.. 

w ~~ncralise (- a2) sin ax 
, v,i(, 01, , c ) • nY == <P 
i .e . (D") sin.,.. 

'P 1 we get 
both sides ~(D2) 

onerati.ng 
00 

<P [ 2 ) · ax] 
t 1 <P (-a sin 

i [<P (D2) sin a.t] == ~ 
~ 2 _l- sin ax 
cp i e sin a.r = <P (-a ) <P (D2) 

Ma thematics 

2) we have ,, 
Di,-iding by ¢ ( -a -1--:-- sin ax if <P (-a") * 0 

1 • n v - 2 -, sm...,. - <P ( _ a ) 
<P (D~) fails In that case, we can proceed 

2 - 0 the above procedure . 
If q!( - a l - , 

JS folil)ws: 2 2 • a factor of <P (D) 

( :) _ o onlv if D + a 
15 

rt - a - · 
'f . _ (D2 + 0 2) q., (D) 
Let ¢lDJ - 1 1 ,inax 

.-. ¢ ;I)) sin ax = q,(D)· (D2 + a2
) - . 

1 
1 . . -,nd then operate on both sides ll'(I.)). ---=- sin ax ..... · 

FirSl \l.e c,·aluate 
0

2 + a2 
1 iax 

N0w __L, sin ax= IP of D2 + a2 e 
D2 + a· 

( .. e1ax = cos ax + i sin ax) 

1 iax 
::: IP of (D - ui) (D + ai) e 

1 1 1ax 
= IP of - - .. - . e 

D - GI Lili 

=IP 1._1 ___ l_ r iax 
o , .. D . 

.:.01 - QI 

1 . 
= JP of -:,: .x e1ax 

.:£1! 

Second Order Diffe rential Equatio · h . 
. ns wit Constant Co-efficients 23.14 

- IP of - ~ (cos ax+ .. · 2a I s in ax) 
x cos ax =---

2a 

The sa me is the proc<.:dure for evaluating 
1 

</> (D )' cos ax 

Case 3 : F (x) = sinh ax or cosh ax 

Proceding as in case 2, we can show tha t 

1 . h 1 
- - 2- sm ax = -- cosh ax 
rp(D ) </> (a2) 

1 1 
- - 2- cosh ax = --

2
- cosh ax 

¢ (D ) ¢ (a ) 

Case 4 : Suppose F (x) = ~ 

H ere ¢ (~ ) xm = [ ¢ (D) ] - I xm 

We can expand ( ¢ (D )] - l in ascending powers of D ::i.~ for as the: 
· · Dm d m ' H l term contammg an operate on x term oy term ere we: c o not 

consider the (m + l) th and higher powers of D smce D m + 1 (xrr:) am! 

higher order derivat.ives of xm vanish. 

Here it will be w,eful to remember the following bin0mial exp..1r.~1nn~ 

(1 - D ) - 1 = ( 1 + D + D2 + .... oo ) 
( 1 + D)- 1 = (1 - D + D2 

- D3 + ... oo ) 
(1 - D)- 2 = (1 + 'l.D + 3D?. + ..... cc ) 

(1 + D ) - 2 = (1 -W + 3D2 
- ... cc ) 

Ca-'>t' 5: 

Suppose F (x) = eax 1· where v is some funct ion L'f .t 

!·fr rl· we ha Ye 
. - ax D (/ix 1·) = fax Di· + ae · v 

= fax [ D + a] \' 
.-\ l~n D2 lCax !') = e'l\ o?. \' + LJCJ.X Dr + aea~_ (0 +ti)\ 

, JX 
J \ D2 . + ,Jx 0 1· + _.a~ 0 1' + a- f I = C \ a I . ·' 

[ 
, ~ l = / 1

~ o- \' + 2f.J 0 1 -f a \ _I 



lVlamcmatics 

""ea,:. 

V 

a) V 

. .-,c get 3 ding ... ,: + a) v 
S:.,.,jlarly prl)CC 3 ax - ea (D _..,. D e I' -

a,: (D + a)" v 
n ( ·a,: i•) == e 

d 
· general D '· ax ,1, (D + a) v 

an in ( u v) == e .,, 
}-lerc <PD e 

L,el if (D + a) I' ;:;;: Yl 

1 y 

Tb,env=~ 
1 

. (l) we get 
Substituting (2) tln 1 1- a,c v u~V -e 1 

,P (D) e IP (D + a) 1 
1 'd by_--,-we get 

. on t,oth the s1 es "' (D) 
Qpcraun& .,, 

1 1 ax V 
ax -v == ---:-. e 1 

e ~(D + a) 1 q, (D) 

and in general 1 
1 u) ax V - (e v = e • ,1, (D + a) 

'P (D) .,, 

Case 6: 
Suppose we have to determine the Pl 

tp ~D)'?' sin ax or tp ~D)"? cos ax 

1 [ m . . ] _ __!_ m eiax 
Now <P (D) x cos ax + 1 sm ax - rp (D) x 

_ iax 1 i' 

... (1) 

... (2) 

- e · ip (D + ai) 
. h t ' the real or 

RHS can be evaluated using the case 4 and t en equa mg 
imaginary parts, we get the required PI. 

Case 7: 
Suppose F (x) = xv where v is any fuctions of x 

D (xv) =xDv + v 

D2 (xv) = D (xDv + v) 
11 I ly D3 (xv) = x D3 v + 3 D2v 

Second Order Differential E . quations wilb Constant Co-efficients 
In general 

Dn (xv)= X D" V + n on -1 V 

or D" (xv):::: x D" v + :D (D")v 

23 l6 

Since ¢ (D) is a polynomial in D w . ,,.. {D) ( ) _ ' e may wntc the above resuJt as 
.,, xv - X ¢ (D) V + rp ' (D ) V 

Now put "' ' (D) _ v ... I ·r v - 1 so that 
1 

Vo = rp (D ) V1 in equation I. 

Then r/> (0) fx -
1

- Vi] = xVt + ¢ ' (D) -1-L ¢ (D) ¢ (D) Vi 

Operating nn both sides of II b 1 
Y rp (D ) we get 

1 1 
x ¢ (D) Vi= <P (D ) (x Vi)+¢ !D) ¢ ' (D ) _t_ V1 

This implies that ¢ (D ) 

¢ ;D) D CV1) = [x - _l_ ¢ , (D )] -1- V 
. ¢ (D) ¢ (D ) I 

Hm Vi " :t:~:~•= l ::d ;:~•; c:]:Toi v 
Example 1 

Solve (D2 - 3D + 2)y = e5x + 2 

Solution : 

The auxiliary equation is m°" - 3m + 2 = o 
(m - 1) (m - 2) = 0 

:. m = 1, 2. 

the complementary function is y = AC + Bi·'( 

PI= 1 e5x + 1 2 
D 2 - 3D + 2 D2 - 3D + 2. 

= l 5x l 
25 - 15 + 2 e + 2 2 

s-l •. 

e5x 
=-+ 1 

12 

... II 



,,,;:.. - - --_:::_- Mathematic& 
r, ____ ---- Sx 

'\ 2x + ~ + 1. 
' "+ Be 12 -Ae 

·on is y -
lcte so\ull 

the cotnP 

" 2· 2" + e 
E"atnPle ' ' D - 2) y "" e 

solve (D~ - - 2 == 0 
. : . ,n2-rtt . ::::2,-1 

Soluuon uation is .. rtt -x 
·uarY eq - ;te2x + Be 

' I 

The aUJU • is Y -
funcuon x 

< 

lementanY __::--!----: e 
the cornP --1---:;- eix + D2 - D - 2 

Pl "" 2 - D - 2 ~? 
D 1 eix + 1 - 1-2 
~(D+l) 

"" (D - 2) 1 x 
1 -1-::-eix - ze 

==3 ·0;;-2- 1 
)l 1 zx __ / 

- -xe 2 
- 3 . 

' l tion ts 1 
lete so u 1 2x - - ex . the comp x + - x e 2 

. . y -- Aezx + B e 3 

Example 3 3x 

(D2 - 6D + 9)Y ==e 
Solve 

Solution : . . m2 _ 6m + 9 == 0 
uxil' ary equation is . 

the a t 2 0 . m == 3, 3. 
(m - 3) == .. • 

function 1s the complementary 

y = e3x (Axt B) 3x ( failure case) 
-----e 

Pl = (D2 - 6D + 9) 

·i 1 e3x · 1 

= (D - 3)2 

J- 3x --e _; \1 -2 . . 
: . the complete solutton 1s 

Second Order Differential Equations with Constant Co-effici ent s 23. 18 

y = e3x (Ax + B) + x2 e3x 
2 

Example 4 

Solve (D
2 + D - 2)y = sin 2x 

Solution : 

the auxiliary equation is m2 + m - 2 = O 
(m+2) (m-1) = 0 

: . m=-2,1 

the complementary function is 

y =Ac+ Be - 2x 

1 . 2x Pl= 2 SlD 
D +D-2 

1 . ,.,_ =----sm...., 
-4 +D-2 

1 . ,.,_ =--sm...., 
D-6 
D+6 . 2x 

= D2-36sm 

_ (D + 6) in2' • _ _.__ __ S X . 

-40 , j ,, 
1 /.' 

= -
40 

(2 cos ii-+ 6 sin 2x) 

1 ~ . "-) = -
20 

( cos 2x + .:, sm = 
the complete solution is 

y = Aex + s-2x - ~ (cos 2x + 3sin 2x) 

Example 5 

Solve (D2 
- 4D - 12)y = sinx sin 2x 

Solution : 

(D2 _ 4D _ 12)y = ½ (cosx - cos 3t] 

the auxilliary equation is 
m2 _ 4m - 12 = 0 

(m _ 6) (m + 2) = 0 



I 

23.19 
:. m = 6, - 2 -

the complementary functi9n is y = Ae6" + B -ix 
. e 

1 1 
Pl= D2 - 4D - 12 2 (cosx - COS:k) 

1 1 · = 2 -cosx-~ I 
D -4D -12 2 D 2 -4D -cos3 1 1 - 12 2 .t 

= - (4D +11) 2cosx -~ .! 
(4D + 21) 2 cos 3t 

4D -11 1 
=-------cosx+ 4D-21 

(16D2 - 121) 2 ~ l l6D2 _ 441 2 cos 3t 

= - 1
- (4D -11) .! co~ - 14D -2!}_ 1 

137 2 585 2 cos 3t 

= 2~4 (-4 sinx - 11 cosx) _ ~ 
1170 

= _ 4sinx +11 cosx + 4 sinJx- + 7 cos3t 
274 390 

· the complementary function is 
y = Ae6x + Be-2x 

4 sinx + 11 cosx ( 4sin ~ + 7 cos 3t) 
- 274 + 390 

ExampJe 6 

Solve (D2 + a2
) y = sin tU + a cos ax

SoJution : 

the auxiliary equation ·is m 2 + a2
...:.. 0 

:. m =±a 

the complementary function is 

y = A cos ax + B sin ax 

1 . + 1 a cos at PI=---smax 2 2 t 
D2 + 0 2 D + a ~ ~ ,v· r 

Second Order D '£ 
l ferenti,d E 

= IP of l q uations With C 
~ (D ia..t 0 nstam C . 

- ai) e ,. Rp o-cffio.ems 
== IP of 1 . of -~ --...::_....:2~3.:.a.20 

~.t e ' IJc + .J_ (D + ai) (ii~:-:- ae •ax 
=: IP of - i.t 2ai .tae•a~ °') 

~ (cos 12.t + . . 
I S U) 0.t) 

+R_p ( .ta :::_xcos ar . o--: (eos 
. ~+~ 2a, ax + l sin ax) 

· · the co I 2 mp ete soJur· . 
lOO IS 

Y ==Aeosar+B . 
sin ar - x COs ax . 

~ +xsin a:t 
Solve the foUowin,. . Exercise 1 ~ 

,..2. . · ""'6 differenfaJ 
1. !=.1 _ 

6 
£!l:_ 1 

equations: 
. dx2 t4-+8y==o 

2. 12_ _ du 

£4-2 - % 
3~ . .J, +y:::o . 

ca- gJvesy ::::: 0 , 
,or x ::: 0 and -

4. 12_ _ 2a £!l:_ y - - 2 for X ::: ~ 
£4-2 <4- + (a2 + b2)y == 0 2 

5. ~ + -4 !Q'. 
dx2 <4- + 3y == e -Jx 

6. ~ 
tix2 - 4y. == (1 + c)2 + 3 

7. ~ - 4 ~ _ 
dx dx ~Y == e3x + 4cos 1r 

8. ~ - 2~_ 
tirl dr Jy == 8 cos 2.r 

9. (D l 
- 4D + 3) _ . 

IO 2 Y - st.n 1r cos 2.r 
. (D +D 

+ 2)y ::: ex + cos.r 

61 
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\ 

.,,. + 4 cos•4t 
23.2\ 5) y::::: e 

' 4D -11. (D. + x + sin .r 
2 + 1)::::: e '2X 

12. (D _ 7 + cos 4 sin 2x 
02 + 4) Y - _ _ z cos 2t -

}3. ( + 2) y - I (0) ::::: 1 
D2 + ]]) 1 and y 

14· (. that Y (O) ::::: _ o ~ = 1 when x = O 
given _ SOX given Y - ' dx 

~ + 6 ~ + 10y -
15. d.t. 

Pie 1 
EOJII 2 + D + 1) y == X 

Solve (D 

Solution : . is m2 + m + 1 = 0 

the auxilia!Y equalt:~ "3 
~ m == 2 

. function is 
01pleroenta!Y r;:;3 . the co r;:; v 1 ) 

. . _!x ( !.1- x + B sin 2 x 
2 A cos 2 

y == e 

1 -x 
Pl= 02 + D + 1 

2]-1 
= [t + D + D X 

~· 2 (D + D2)2 + .... Ji d \)_,.. = [1 - (D + D ) + 

=[1-v]x=~- 1 
1 ' 1S 

. the complete so u~on ..[j - 1 
.. v3 · -x+x 

y + A cos 2 X + B Slll 2 

Example 2 

Solve (D2 + 4)Y =f 
Solution : 

.. 2+4:::::0 
,1,f' :rnxiliarv eQuation 15 m 

f 

1/· \,\ \) 

Second Order Differential E · • 
<JUallon.s with Con.slant Co-cffiuenls 2J 22 

the complementary function is 

y == A cos 2x + B sin 2x 

Pl= __!_ xi 
D2 + 4 

= 1 x2 

•(1 + ~'J 
=¾ rl+ ~r,, 
= ¾ [1 - ~1 + ]x1 

= ¾ [x2 - ½] 
: . the complete solution is 

y = A cos 2x + B sin 2x + ¾ (x2 - ½) 
Example 3 

Solve (D2 
- W + l)y ={x2 + 1} sin 2x 

Solution : \ · 

the auxiliary equation is m 2 - 2m + 1 = O 

(m - 1)2 = 0 or m = l , 1 

The complementary function is 

y = ex (Ax+ B) 

Pit = 2 
1 (x2 + 1) 

D -W+ 1 

= (1 - D)-l (x2 + 1) 

= ( 1 + 2D + 3D2 + ..... ) (x2 + 1) 

= (1 + W + 7.Ii) (x2 + 1) 

=x2+1+4t+6 

= x2 + ih'+ 7 



I 

----1--:-: sin 2X 
PJ-1 ::::: ? -.n + 1 

~ v· - j.j/ 

~ sin 2x 
::::: --4 - 2D + 1 

1 . 2x 
==~S111 

@~sin2x 
== - 402 - 9 

,.,n - 3 . 2x 
~ftn 

== - -25 
_ __!_ (4 cos 2x - 3 sin 2x) 
- 25 

:. lhe complete solution is 
1 

y == l (AX + B) + x2 + 4t + 7 + 25 ( 4 cos 2x - 3 sin 2t) 

Example 4 

Solve ~ - ~ + Y = x3 - 3¥2 + 1 
dx2 dx 

Solution : 

The g;wnDE is (D2 -D + l)y =x3- 3x2 + 1 

The auxiliary equations is 
m2 -m + 1 = 0 

1 ± i v'3 
m= 2 

: . the complementary solution is 

.!.x ( ../3 . ,(j ) 
Y = e2 A cos T x + B sin 2 x 

PI = l (x3 - 3t2 + 1) 
(D2 

- D + 1) 

= [ 1 - (D - !>2) r 1 [x3 - ~ + 1] 1 

[ 

] 
~,.J 

= l+(D-D2) + (D-D2)2 + (D-Dz)3+ ...... 

= [1 + D - v2 + D2 - w3 + D3] [r3 -3( + 1] 

Second Order D'ff 
----_::_' erent iaJ E . 

quattons with ' - (1 Constant C 
- + D - D3) (x3 _ 3t2 · 0

-efficients 23.24 

=x3-Jt2 +l) 
= x3 - ,:._ + l + 3t2 - ,:._ ut-5 ut-6 

.-. the solution . .!. 
IS J = e2 X ( Vj 

Example 5 A cos 2 x + B sin ~ x) 
Solve (D2 + 3D + 2)y = e2x +x!- . + St.ox 

Solution : 

The auxili ary equation is m2 + 
(m + 1) (m -+, 2) == 0 3m + 2 = 0 

Th .-. m = -1 -2 
e complementary fun . ' . 

chon is - -x 
Pl - 1 Y-Ae +Be-2x 

1--::;---=- 2x 
D2+3D+2e 

= 1 2x 1 
4+6+2e = 12e2x / 

P/2 = 1 x2 
D2 + 3D + 2 

= 1 
2 1+3D+d x2 

2 

1[ ]-1 ✓ =- l+3D+D2 
2 2 . x2 

= ¾ f 1 - _(_3D ; D
2
) + (3D + D2)2 + ] 

4 .... x2 

= _! f 1 - 3D D2 9n2] , 2 2--+-x2 2 4 

+x3- 6t- 5. 



2 
3D + ]J!_ x2 

1 1- --:., 4 
== 2 /,, 

~½P-lt+~] 
--1---:- sin x 

P/3 == ri + 3D + 2 

~ sin x 
::: -1 + 3D + 2 

_!-sinx 
== 3D + l 

3D -1 . ~s1nx 
== 9D2 - 1 

_!_ (3D _ l) sin X 
== - 10 

_!_ (3 cosx - sinx) 
= - 10 

. he complete solution is 7 1 

• · t -2x _!_ 2x + .! [x2- 3t + -]-
10 

[3 cosx - siuj 
-x + Be + 2 e 2 2 y =Ae 1 

Exercise 2 

l. (d-W + l)y =~ 

2. (D2 - l)y = 2 + St 

3. (D2 - 'JI)+ l)y = x + 1 

4. (v2 + 9) Y = x2 
5. (D2 - D + l)y = ~ - 312 + 1 

6. (D2 -D)y = 1- 11.t 

7. (Ir + D - 2) y = x2 - 2t + 3 

8. (d- - 6D + 9) y = x2 + c 
9. (D2 

- 4D)y =x2 - 1 

10. (I:r - W - 3) y = Jr2 - 5 

11. (d - 3) y = ; - l 

12. (Ir - 1D)y = x2 

Second Order o·rr . ------=.:.:1 :::c~rential E . 
2 qua11ons With Co . . 

13. (D + 2D + l ) y -x2 + nsta.nt Co-e ffi cients 23 26 
2 - 1 - eX ' 

14 (D + 7D + 10) - . 2 given y (0) == O,y· (0) == 2 
2 y -x- - 4 + ~ 

15. (D - l)y == ~ + 1l 

16. (D2 + D-2)y _ 
-x + cosx Ex~mple J · 

Solve (D
2 

- 4D + J) y == x3 e°' 
Solution : 

The auxiliary equation . 2 
IS ,n -4,n + 3 (m - 1) ( == 0 rn - 3) == o 

:. rn == 1, 3 
The CDmplementary func•: . 

uon LS y ::: Ac + Belr. 
PI= l 3 .,__ 

2 -.re"' 
D -4D+3 

= e 2 r I 
-- :r fD +2) 2 - 4( D .,.2)~ 3 · 

'. I = e- --
!) ~ + 4D + -l ~ - S-~ r 

= e2x ~ x3 
D 2 -1 

- 2x 1 3 - -e -.r 
1-D2 

= - e2x 1 + D2 x3 
= - e2x x 3 + 6t 

= - e2x 11 - D2l -1 x3 

> ~ :. the complete solution is y =Ac+ &"Jx - /b. (x3 + tit) 
Example 2 

? 

So] d-v dy x 
ve - - - 5-+6y =e cos2.t 

dx 2 dx 
Solution : 

The auxiliary equation is m2 - 5m + 6 = 0 
(m - 2) (m - 3) = 0 

m = 2, 3 
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2x B 3x 
23.2'7 . _functon is y == Ae + e 

C()lllplelllentafY 
The l ./ cos2x 

pJ~~ 
~ cos 2x 

== l + 1)2 - 5 (D + 1) + 6 
. (D 

___L---: cos 2t 
::I v2-3D+2 

. ----h--;-::; cos 2t ::::I _4 _ 3D + 2 

.l ----1--:- cos 1x 
. == -e 3D + 2 

- -I 1P - J:_ cos 2x 
- 9D2 - 4 

_x~ -lcos2x 
== - e -40 

- I (-6 sin 2t - 2 cos 2x) 
- 40 

-I (3 sin 2t + cos 2.tl 
== 20 

: . the complete solution is 

y == Ae21 + Be~ - ~ (3 sin2t + cos 2x) 

EDlllple 3 

Solve ~ + 4y = x sinx 
tb. , 

SoluUoa_ j J 
.J (.o2 + 4)y =x sinx 

the auxiliary equation is m2 + 4 = 0 
iern=±2i 

the complementary function is y = A cos 2x + B sin 1:t 

PI=-Lxsinx 
D2 + 4 

Second Order Diff . • . . 
. erentraJ E . 

-~ . quatrons with C 

[ 

2 D ] -·- nstant . Co-efficients 
x _ I 

D2 - . 

= [x - D2 ~

4.r t, :i:: 
=l[x 2D] 3 -~ sinx 

=½ [xsinx--2!!._ . ] -l + 4 smx 

= Hx sinx -
2 
';'" ] 

= x sinx 2 cosx 
3 -"-T 

: . the complete solution is 

Example 4 
,- Y".,,.,.,,.... ,,__...,, 

U Solve 

Solution : 

y = A cos h + B sin h + x sinx 2 cosx 
3 --9-

d2 
~-3~+2y 3x . iJ.t' dx = xe + sin h 

(D2 - 3D + 2) y = xe3x + sin h 

the auxiliary equation is m2 - 3m + 2 = 0 
(m - l)(m - 2) = o 

:. m = 1, 2. 

the complementary function is y = Aex + Be2x 

PI = l / x e3x + . "'-) 
D2 - 3D + 2 \ SID ""' 

= 1 xe3x + 1 . 2 smh 
D - 3D + 2 D2 - 3D + 2 

= e3x 1 1 . 2 x+-----smh 
(D + 3) - 3 (D + 3) + 2 -i2 - 3D + 2 

-e3x 1 1 . ,.,_ - x- sm""' 
D2+3D+2 2+3D 

Ill 5::ns 

23.28 

I 
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2-3D . 2x 
,, 1 :x _ ~ sin 

e·· -~ 4-9D 
=2·· ~ 

1 + 2 21-1 2 .:: 3D . , "l 3v+D J x- sm'.1.t 

= \- ll + ~l 2 + D2)] 2s: 2' - 6cos2' 
3x ~ x- 40 

- ~ 1- 2 
- 2 

3x ( 3) ~2x -3cos2x 
-~ x--2 - 20 
- 2 

. is 
:. the complete solut1on xe3x 3e3x sin 2x - 3 cos 2t 

}' = Ae3x + Be2x + 2 - 4 20 

Example S 

Solve (v2 + l) Y = x2 cosx 

1 
Solution : 

. . 2 
the auxilia..--y equauon is m +1=0 

,n:: :t 1. 

the complementary function is y = A cosx+ B sinx 

PI = d- 1 x2 cos~ . +1 
1 2 ix 

= RP of 2 re 
D + 1 

· 1 2 
= RP of eu: 2 r 

(D + i) + 1 

= RP of e'ix 
1 ; 

D2 + 1.iD 

= RP of eix 
1 

; 

2iDll+~J 
=RP of ,uh~ (1 _ i~f 1 

x2j 

Second order Differential . 
Equations with 

RP of eix [ - _,_· ( iD c~~, t)ant ]Co-eflicients 
2D 1 +-- _ x2 

2 4 

- RP ieix [ ] - of - W x2 + ix - ½ 

= RP of - ieix [£ + . x2 x] 
2 3 '2-2 

= RP of - .!.. :!.... ix x . [ 3 l 2 3 +2- 2 (cosx +isinx) 

_ 1 [ [x3 X) l . --2 3-2 (-sinx) -1cosx 

. . the complete solution is 

Y =A cosx+B sinx+ .!. [ [x3 
_ :!.) . x l 2 3 2 SID X + 2cos X 

Example 6 

Solve (D2 
- w + 1) y = xi'- sinx 

Solution : 

the auxiliary equation is m2 - 2m + 1 = 0 

m = 1, l 

the complementary function is y = ex (Ax + B) 

1 
Pl= 2 xex sinx 

D -W+l 
1 . .X • 

2 Xe SlDX 
(D-1) 

= 

- .x 1 . 
- e X SIDX 

(D + 1 - 1)2 

, X 1 . 

= ex12 x s:l 1 . 
= e x - D2 D2 s.10 x 

23.30 
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------- Mathematics 

]:. (- sin.t) 

x - D_ + 2 cos.t) 

(> sin.t 
- e . 

== solution is x Ix sinX + 2 cosx) 
P\ete B) -e i..: 

the cottl ~ (.AX + y-:::. e 

f,%11111Ple 7 1 

l 
~+~==;;1 

sove d:(' U-,0 

Solution : . ,,.2 + ,n :::: 0 
. . equauon 

the au,cilia; (m + 1): i, _ 1 - x 
or ,n . -A+ Be 

{unction is y -
the co111P\e111entatY 1 

1 --
p J = ~ 1+1 

. 1 
~-x 

= D (D + 1) 1 + e 1 
( 1 . _J_J -

= \D - D + 1) 1 + e" 
1 1 l _!-. 

=vt+I_D-+1 ·1s+I 1 

J 1 -x e-""'--ax 
-dx-e 1+ex 

= t+l f l 

J 
x l -x -dx 

.... ~dx-e i+l 
- 1+ I J l 
f I -x ----- dx 

= (1--) ax--e 1 + e" 
1+e" -x (t+ex) 

=x - log(l + I) - e log 

: . the complete solution is x 

y = A + Bl + x - ( 1 + e -x) log ( 1 + e ) 

-

Second Order Differential Equations with Constant Co-efficients 23.32 

Exercise 3 

1. (D2 
- l)y =xi' 

2. (Di+ 6D + 9)y = e-2x (x + 2) 

3. (D2 + W - 3) y = ea (1 + x2) 
4. (D2 - 5D - 6) y = e1'- (1 + x) 

5. (D2 + 4D + 3) y = at ex - 6 

6. (D2 - W + 1) y = x2 ex 

7. (D2 - D)y = '3xtr 
8. (D2 + W + l)y =x2e-x 
9. (D2- 3D + 2)y = 2e3

x sin2x 

10. (D2 - 4D + 3)y = 2xe3
x + 3ex cos 2x 

11. (D2 - D + 2)y = 58ex cos3x 

12. (D2 - 1) y = coshx cosx 

13. (D2 + 4D + 4)y = e-x sin2x 

14. (D2+ 9) y = (x2 + 1) e
3
x 

15. (D2 + 4D + 3)y = tr cos 2x - cos 3x 

16. (D2 - W + 4)y = tr sinx 

17. (D2 - W + 3)y = e - x sinx 

18. (D2 - 7D + 18)y = x2 ea 

19. (D2 - W + 5)y = e2x sinx 

20. (D2 - W + l )y =x2ex 
21. (D2 + W + l) y = e -x x

2 

22. (D2 - 4D + 4) y = &x2 e2x sin 2x 

23. (D2 - W + S)y = e2x sinx 

24. (D 2 + 4) y = x2 sini x Answers 

Exercise 1 

2 1. y = Ae 1x + Be 4x 

3. y = - 2sinx 4. 

y = 4+Bex 
y =, .,..[ Acosbx+ Bsinbx] 

? 1 - 3.t 2 X \ 

- 3x 1 - 3.t 
5. y = Ae - x + Be - 1 xe 

A ix + B - . x + - xc - - e -
6. Y = e e 4 3 
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