CHAPTER IX
yvirtual Work

cting on a bod
When a forcé & Y Moyg,
fs !;‘zl;:'; is said t0 do work on the body, . ®8 ity by
mpplt‘hefomx's aeonstanh "wmrfrdm e fore, ht
hlef product of the foroe and ﬂ:le' istance throug ufh‘_fenw
::,j;lof C i MO n the irection of the force ich N
Let a CODStant

f
9'/?’: of application f; OVeity Bo
A A Fig. 1. . in its direction' Om A to lht
 The work done by the force = F x AB = F.§ whep, i

But supppose & force F acts along AB and tp,
s from A to C, where

application move
AC is inclined at an angle 4 to AB.

Draw CD Lto AB.
The resolved part of the displace- ¢
ment AC, along AB = AD. .

4 Work done by the force .
o
= F.AD | o
= F.AC cos § Fig,
= F.scosf(é» AC=3s) » o 2

This can also . ;
mma“&mwmn as F cos 0 x s and is equal to the
direction of the di ment s and the resolved part of F i

displacement, In the

Pll‘ticuhr Cases: ®

e = 0, the di ol
and work done « F""“Phcement I8 In the direction of the force

) I o > gge
is negative, W, l;ye?h:th negative, The work done by the force
work is done against the force.

. ina Jimo: 0. In this case, the point of application
at right angles to the direction of the

Point of
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reo. Hence when a force and its displacemen; a

the work done by the force in such q displace

§ 2. Theorem: The algebraic sum of the Works done by o
umber of coplanar forces acting on a particle in any displacemen;
{, :f the particle is equal to the work done by their resultant.

"€ Perpendicylqr,
ment is zerg,

Let forces F,F3,F,... act
on a particle at A ang displace
it to the position B, Let the di-
rections of F\,F3,F,, ... ... pxafce
angles 6,,8,,6,... ... with AB,

Let R be the resultant of the
p force, inclined atan anglefto AB,

Thealgebraic sum of the works
Fig. 3 done by the forces ‘

= F;cos8,.AB + F,c0s6,.AB + F3c080;.AB + ...

i AB(F1c0881 + F200592 + F300893 + ... ) .

= AB (algebraic sum of the resolved parts of the force:
along AB)

= AB. (resolved part of the resultant R albng AB)
= AB.Rcosd

= Reosd.AB

= Work done by the resultant.

i 3. Method of Virtnal work:

Cons.der a particle in equilibrium uqder the .actign of ﬁl‘;y
number of for ses. Suppose it is displaced in any dxx:ecbon while
the forces remain constant in magnitude and direction.

By § 2, the total work done by the forces during the displace:
ment is equal to the work done by th.e resultant. B\:‘.tl:1 as ail;h:bg:;c
tcleisin equilibrium, the resultant is zero. Hence the alg

sum of the works done by the forces during the displacement of
the particle is zero.
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ts in staticq].

3% 1o to deduce results Proble,,
o s often PO5° :lzod)' at rest 10 l'?"' d‘sg:f:dwt:;ough azzlety
ously %/ :indin;tnfe resul "':‘,,‘:;;'ﬂ workidone by tl}’,’; t}‘; oy
ditat it and OTEE i is not actually gy, b
,,,,,,"' “sinod(the bo;lf : i,mlleg_a yz:zttge c:;l}:pt;:fe ge Wor éoﬁe
' g body durin ent jy . Ong

dm)llﬂmen - > on the )

&
yirtual uvrk-ext%:;/ e, we shall state the principle of Virtug],,,
[nthe |

it. ]
o p:vle’rinclple of virtual work for a system of ooy,
§ tn

acting on & TEE :
7.0;111'8 principle can be stated as follows:

o acting on a body be in equilipr;
\ Uf % syster:nsg éﬁ“u smag displacement consistep, Zﬁ‘,’,’f
9° and the body conditions of the system, the algebraic sy, of the

ot

ngw rhs done by all the forces is. zero; and, conversej, :
this algeul’vomzc sum is zero, the forces will be in equilibriym, \

ve the above theorem for a system of coplanay
We shall pro el ~ forces.

¢4  LetOX, OY be any two
perpendicular straight ines
in the plane of the forces,
i Let F be one of the forces
" of the body, acting at P
whose coordinates referred
to OX, OY are x and y and
whose polar coordinatesare
r and 4. Then x= rcosd
and y .= prsind where
Fig. 4  OP=r and /XOP =4

Let the body he given g sma]) displacement. This virtual dis-
FP"“MW‘ linear or angular or g combination of both
'ﬂcﬂhrvdhph:.' We shall suppose that there is a small “.rmal

. ;Gent @, (by which P goes to P;) and a lmea;
wﬁwhwmd, 4 :o 2°The linear displacement may be supposé
0 component displacements parallel to 0%
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figure P;Q = a and QP, = i
and Ogi’uhl‘)ethtf'eagd in 1the same in?mier 1bn t]i‘la:lcllig;;:ze?nf:;l:
ody qantities a, a, b are very small, |
The ;ow x - coordinate of P,
_ x - coordinate of P, + P1Q
=rcos @+ W54

_ r cos fcosa — rsinésing + o

=r00507(1"a7;'+ ..... ) ~—rsin0(a—%?-+ ..... ) +a

= rcosd — rsinf.a + a :

(neglecting squares and higher powers of a which is small)
=z-yata=z+a-ay

2 Change in the x coordinate of P = a - oy

y coordinate of P ol

= y coordinate of Py +b-

= rsin(f +a)+b

= psinfcosa + rcosfsina + b

= rsind + rcosfa + b, omitting terms containing

T a?,a® et
=y+£a+b=y-rb+-a:; :

4 Change in the y coordinate of P = b + az

Let the force F at P be resolved into two components‘X, Y
parallel to the axes. ' o

Then the virtual work done by F

= Sum of the virtual works done by X and Y

=X@-ay) +Y(® + az)

=aX + bY + o XY - yX)

Similarly we have the virtual work done by each of the
remaining forces of the system. It chould be noted that the
quantities a,b,a will be the same for all the forces while the
components X, Y and the position (x, y) will vary, Hence the

algebraic sum of the virtual works done by all the forces of the

= ZaX + LbY + La(zY ~ yX)
= aZX +bZY + aT(2Y - yX) o v e (D)
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, ition in which the body was digp, .
Now ’not: ;opr:: to be in equilibrium. o Sup,
the 8:":“:’“ have the following conditions of eqy;
e

gfes;; of the components of the forces along

Fug,

e ot
:iaout O must be zero. A
Hence Ex = 0-..(3)
LY = 0...(37)

.nd 2(3Y e yX) = 0...(1:1.1)
lying (). (ii) and (iii) in (1),we have the regy; tha

sumifpgh):nv%rtual works is equal to zero.) At the

Conversly if the algebraic sum of the virtua] worp, done
the férees is zero for any displacement, then the forces iy, ii
equilibrium. :

As before, the sum of the virtual works for a geneyy &
placement is = aEX + bZY + aZ(zY — yX)
and this is given to be zero for all displacements,

ie. aLX +bZY + aZ(zY —yX) =0 ... .. (@)

Give a displacement such that the body is displaced through
a distance ‘a’ || OX only. _

In this case, b = 0 and o = 0

For these values, (2) becomes a.X = 0

As o # 0, this meansthat £X =0 ... .. @)

Similarly equation (2) will be satisfied when a = 0,
e = 0andb £ 0

For these values, (2) gi bTY =0
ad Sy b ¥ ong (6l

b= om.h; o Juation 2) will be satisfied when
;. e body bs v orly an angular displacement.
o these valuos trony equation (2), we have

@(Z(eY -~ yX) =0......
Lo 2e¥ - yx)y., (i)

i
=
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i), (ii) and (iil) are the usual congjt; P i
#ﬁ;l e tons of equilibrium for g
As these are satisfied, the body myg; be in equilibriym
iter: To prove the converse, :
. tnlified thus. ® the above argument, may be

Since the equation aLX 4 byy 4 aX(zY

i.e. the equation is true for all values of
3 a’ b, and
pave coefficients of 8, b, « to be zero each Separately_a’ we must
& EX = 0,LY =0 and T(zy — yX)
conditions for equilibrium.] "

Note: (i) The equation aT X + byy +aX
known as the equation of virtual work.

Gi) W_e have' sald that the total virtual work is zero, if the
forces are in equl_hbnum To be more correct, we should say that
the sum of the virtual works is zero to the first order of small
quantities. ' ‘ :

§__.£ Forces which may be omitted in forming the
equation of virtual work:

“‘yX)_z_O,

= 0 which are the

(Y —yX)=0is

There are certain forces which may be omitted in writing
the equation of virtual work. We shall now consider such forces
which commonly occur.

(i) The tension of a string whose length does not alter during
a small displacement of a system, does no work.

Let AB be a string and T the tension at each of its ends A

and B,
," Let the string be displaced
s through a small a:ngle 0 and
»  take the position AB.
o : 8 is assumed to be so small
: ve PR -, Miummdhi‘h‘rw-
fn"“’ : ) ers are neglected. Then, to the

M first power of 4 coed = 1.
Draw A'L and B'M 4 to
Fig. 6 AB.
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Then the displ;c:n
tenSiOns at :t;ljely 3
and BM restI:; sum of the works done Dy the ensions
Hence '

= TAL ik TBM

_T (AL-BM) .

_ T (AL+LB-LB-BM)

=T (ABLM)

- T(AB-AB.cosf) ¢

T (AB-A'B')as cosf=1 approximately.

=0. sinceA'Bf =AB: il |

(i) The reaction R of any smooth surface with whj,y, . o

is in contact does.. no work, during a displacement of the p, dy

on the surface. ‘ , ( i
As the surface is smooth, the reaction R ig entir,

the normal to the surface at the point of contact of

and is therefore perpendiuelar to the, displacement of t

Hence the virtual work done by R is zero. T/

reaction of a smooth hinge. e
() The reaction gt the point of contact of a body rolling

a fixed surface does no work during a small displacement

ments or the points of PPhcat,
the directions of these tensioy 0 of th
S apg ¢

!

e]y along
the body
. : his poipt,
15 case inclygeg the

opposite. mceail;d react,ioln bet,ween two bodies are equal and
' We consider both hodies in writing down the

done by th » the expressions for the virtual work
Thig di;qua, a"d onposite reagtions will cancel.

the poin of thent:t a};: pl¥ to the cage when there is a motion of

hinge, 0 hodies g1 the bodies are rough e.g. 8 rough
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work done by an extensible ytrip g
6.

= 1) be astringand T the tengion q¢ each of its ends A
wAB ( ' and B. Let the string be displaced

N + through a sma] angle 8 and come
0> v +  to the position A'B'(: I+ Al). As
. 68 very small, cosd=1 nearly.
3 .  DrawALand B'M L toAB
“A“""‘———‘ Work done by the tension
. 7 bt ey AT T.BM
p M
e = T(AL- BM)
3 = T(AL + LB - LB - BM)
Fig.
_ T(AB- LM)

_ T(AB - A'B'cosé)

’ T(AB - A’B’) as cos =1 nearly

; T(I-1+ Al)

Suml&- L ' extension of a

i ne by the thrust in an .

. lrbigtt:i :‘(’)0;' l-:-dgl is +T.Al.. where T is the thrust in

rod from len |
e It is not necessary to copsnder the sep-

He“nmoe,mm ?r?:lzrrzse,nts of the ends of the s‘mn]g 'or the rod.
menough. til sc}:msider'tbe increment in length only:
: m; 1. Work done by the weight of a body.:

height of its C.G,

i f a body and y the :

bl We;gl;; :my small displagement, let y]x::;:z

g nmdtll‘::zork done by W in this small (t}ixsl;; i

@ny;'iy. :::nl:m the displacement Ay of the C.G.

s~ ¥

hdi g he depth of the C.G. below
nd, y measures the Gep Kk

' ﬁfﬂ::v? mr::y dis’;:laeement. y increases to y

done by W is+ W.Ay.

| work:
i 8. Application of the principle of Virtua

which
i : d to find the forces
inceiple of virtual work is use ingtero
homzm"::';::; of bodies in equilibrium, :):q"l":\e Srineple
the work Zone in different virtual displacements:



o'
will be especially useful in cases where Y
or thrust in a light spring or rod which g l:lull‘e b
framework. Such problems can also 1, SOIVeeping ;
ordinary conditions of equilibrium but, 1 ed
work, it can be seen that there is a great simp
fact that these forces which do no work neeq e
The method Of. applying the principle of v e considered
illustrated in the following examples, Itug) oy ‘,

WORKED EXAMPLES
’ 1. A regular hexagon ABCDEF cop, 8i

llsjn

e
met}lod of Vig t}lQ

liffoqs:
lﬁcatl()n due t'tuq]

/ rods which are each of weight W and are freee 1y joineg Quy,
The hexagon rests in a vertical plane and AB jg in cong togethe,_

&  horizontal table. If C and F be connected-b e riact With ,
' | \"‘ng’ pr OUe

that its tension is W /3.

Fig. 7

W ‘bL:thifélﬁz’agﬁ’ g" Gs, Gs be the .niddle points of the rods
tension in the strj a the length of each rod and let T be the

A .

ng.
0+a0. /

Due to thig

hph“ment to the system such thaté becomes

:uplacement, the positions of Gy, Gy, G G+, Gs
ntthl of thﬂ rods are not altere d.
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Since AB is fixed, we fing
the other rods above AB.,

The height of G, or C}} above AB jg 4
is 3asind and the height O(G-a)is 4asin9,‘fsln9' that of G, or Gy )

“Draw AN and BK 1 to CF, Cixe - EN

y the heightg of the midpoin

FN = CK = 2acos4. A ¥
e - po
» The length of the string = CF = FN ., NK + KC o
= 4acosf + 24

The work done by the weights at G, and G is I J =

= —2Wé(asing) "
The work done by the weights at G, and G, ig

= —2W$(3asing,

The work down by the weight at G, =-Wé(4asing)

Since G, is not shifted, no work is done by the weight of AB,

By § 6, the work done by the tension T in the string CF is
= —Té(4acosh + 2a)

Henge the equation of virtual work js
—2Wé(asing) — 2Ws( 3asing) — Wé(4asing)
—Té(4acosh + 2a) = 0.

i.e. —2Wacoséd — 6Wacossh — 4%0&950
+4aTsinds6 = ¢

i.e. 4a.66(—3Wcosh + Tsing) = 0

Since 66 # 0, Tsind — 3Wcosf = 0.

or T =3Wcotg ... ... ... (1)
Now in the position of equilibrium, /ZFAB = 120°
28 = 60°
Hence from (1),T = 3Wcoi60°
3W
= oe— = WJS
V3

Note:- It is very important to remember that all lengths of
strings and heights of weights must be expressed in terms or; onel
varigble only. Also heights must be measured from a fixed leve
ie. one which does not alter with the displacement we suppose

the system to undergo.
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33 ch of length a and wejg), W

ds, €a
9, Four o
together to form @ b i Whig

are

Iy jointed
smooth :hizp by a light rod BD. The angle BAD is g0 e ths
kz:n:;s is suspende ed in a vertical plane from A. Finq the  thry, :
T ¥
3 BD Lmr Vof
Let Gy, Gj, G.'}s G-i be the

| S ‘ oz 1 SPoin
% @ of the rods. The combmed C. &{ i i,
> rods is the point of inter seE{;;n of t},

i le

- diagonals AC and BD.

'~ Hence when the systen i Sus.
pended from A, AC will be Verticg)
€ i and BD will be horlzontal

Ve fcde

Q X
hes, S wondes

L‘ lf?l"} 5

o Let 0 be the angle made by Ap
w1th the horlzontal ‘through A

Fig. 8 iy 8 !
Give a small. symmetrlcal dxsplacement to: the system such
that 8 becomes 6 + A#4. v R A
We measure the depths of Gl, G,, G;}, G4 below A.
Depth of G, or G, below A - - $sin 6
Depth of G, or G; below A = 32‘-‘-s1n0, o
Also BD=2a cosg.
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¥ Waoosa 66 + 3Wacos8.6 — 2aTsing.660 = 0
0,2Wcosf — Tsiné = 0

or
N ow in t.he position of equilibrium LBAD = 60°

s, (BAC = 30° and 6 = 60°
from (1), T = 2Wcot60° = 2W
Hence o = . 73=

337



St e

/1 YEx. :.;A %ah"d hemisphere is supported by a string fixed to a
point on its rim and to a point on the smooth vertical wall with
which the curved surface of the hemisphere is in contact. If6,®
. are the inclinations of the string and the plane base of the hemi-

Y sphere to the vertical, prove by the principle of virtual work, that
fan ® = g- +tan0.

(B.E.66)

Let O be the point of suspension, AB the base of the hemi-
sphere, C its centre and G its centre of

gravity, OA the string and D the point

of contact of the hemisphere and the
wall.

Let OA =1 and CA = a.
., ThenCG = 3¢ and /ACG = 90°
: The forces acting on the hemi-
——3?- sphere are (i) tension T along the
string AO (ii) reaction R at D perpen-
Ny N dicular to the wall and the sphere and
2 %®  hence along DC, the horizontal (iii) its
weight W acting vertically downwards

m" 9 at G.

Let us apply the principle of virtual work, measuring the
distance of G below the fixed point O.

The tension T and the reaction R will not do any work and
hence they will not appear in the equation of virtual work.
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The only force to be considered ig Ww.

If y is the distance of G 101 of virtyg] Work
I8 Wéy =0, je. dy=0 il (1)

= lcosh .Si ;
+AL + CG.sinyp Nl pl 2 g
= lcosf + acosp + 3'gsimp : n
® 8y = _lIsingsg + a(—sing 4 3

'8-00890).5!p =0..(2
Hence substituting (2) in (1), ApLc v L A\

) _ hE =y Kine.
AE = Ising from AOAE @ =
and AE=DL=DC.LC

=a = asingp Noave
.‘.ISinﬂza—asingo : l

- L Sabs =
Le. Ising + asing = q ... _(4) N i
Taking differentials of (4) N # asnp
l cos666 +.acosp.bp =0.. .. (5) 3
Now, eliminate 50 : 6 between (3) and (5), .,.‘\\ |
From (3), : Nids
by = “(s’“zﬁiiesms"’) - (6)

and from (5),

ggz-% ...... )

Equating (6) ang ("),
o(~s8ing + 3 cog,) _ _ 6cos
6 =~ Teos

(~sing + CoRp) ing
°'*‘Wé““%6a
i.e —tany + 2 = —tang
ortnnqp:i-nana.
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i 4 -
4. An isosceles triangular lomjp, with itg :
plan
/‘ts with its vertex downwardq, between tyyq Smooth pe;: i:lfg
porizontal line. Show that thepe will be ¢
saﬂ:‘ kes an angle sin~'(cos’a) with ¢,
bas the lamina and the |
¢ angle of ength
pertics

JJ? times ¢

341

j guilibrium if the
Vertical, 24 being the
of the base being three

he distance between the pegs,
! Let ABC be the isosceles triangle resting between the pegs
} PandQ.LetPQ=a
’ B Then BC= 34

D is the midpoint of BC and
CG.is G on AD such that

AG:GD = 21
* Let BC make an angle 6 with

;' . the vertical.
) As AD is 1 to BC, it will

: make an angle  with the hori-

1) zontal.

: 18- g
V| v
3

1< Hence /DAL = g'and /CAL'= §— o

B
Let us apply the principle of virtual work.

}: 2
:S The reactions at P and Q can be omitted and the only force
w to be considered is the weight W acting vertically downwards at
G. : ‘ | ,

Since PQ is a fixed line (horizontal), we have to calculate y,
the distance of G above PQ.

BC = 2AB.sina(the A being isosceles) L

/ AB= iﬁgﬁ

AB:eolazAD

% AD= %ﬂﬂlm
_ aco
A 40 - | e - o
Height of G aboveA = AG.sind -
- iné.....(1
- Qé!;mﬂsma (1)
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Height of Q above A = AQ.sin(6 —a) ... ... (2)

A s

(APQ = 180° — /PQA - (PAQ .
=180° - (§ —a)~-2a = 180° -f§-a

: AQ £l
“*sin{180° — (8 + )} ~ sin2a
AQ  PQ
sin(f 4-a) ~ sin2a
‘ asin(d + a)
= —_—.... 3
i, sin2a (3)
Hence using (3) in (2),
PO Ll asin(é +a)
eight of Q above A = e sin (6 — a)

Z—SIFZ—(COSZC! — 00520) ( )

y = Height of G above PQ

= Height of G above A — height of Q above A

‘g‘l’l? ind — 5=to—(cos2a — cos2f)......... (5)

Hence the equation of virtual work is
-Wiéy=0
ie dy=0
Taking differentials of (5),
by = 95082 045050 — (2sin28)66 = 0

SiNa 25m2
As 86 # 0, we get

cosacosd _ sin20 _ 0
Sina sin2a

ie. cosacosdsin2a — sinagin2d = 0
2cosacosfsinacosa — 2:inasinacos0 =0
2sinacosd(cos’a - ging) =

As 2sina # 0, eithareona = 0 or cos’q
If cosd = 0, then § = = 00°,

If cos’a - ging = 0, then ¢ = sin'l(

- 8ind =0

cos’a)
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hat @ = 9(°
 may be notog t_ min_] 0( “ Bivos the 8y
pibrium 816 = €I ~(con’0) givan
oq )
ofuilibf’“m./' I |
o 05 Two equal and light rods AB, A¢:
"~ hinged at A and carry equal weighty 1, o, p and C, Th
/MU m:‘::,wth fixed sph.et"e f’f radius q gnq centre (), 14
e 0":! the position of equilibrium, t(,ze rods are inclineq
'0 with the vertical given by bsin”g = ge0e0
e

p and E are the points of contact of the rods,

Mmeotr|eq) position
obliqug Position of

each of length b gre
¢

Show
at an

Inthe position of equilibrium
AQ is vertical and BC ig horizon-
tal.

Give a small virtual displace-
ment such that § becomes 6+ A9,
The only forces that enter the
eqution of virtual work are the
two weights w.

Depth of B below O
=OF=A_F-A0=Y (1)

Fig. 11
AF _ AF
From A ABF, cosf = 3 = =5~
o’oAF: bcosﬂ ......... (2)
: D g
From A AOD, sinf = 87( = DA
Sl EaE Tey,
4 0A= g ¢

Applying (2) and (3) in (1), we get
y = depth of B (or C) below O

= boosd ~ oy .. .. . @
The equation of virtual work is
wAy=0

ie. Ay =0,



. ran’p = acos? ol '
5 bson heavy uniform rod of length 1 rests with ;.
6.

" in contact with OI . the p[anes n

the ‘
-/ fmtioﬂ is the inclination of fo B.SC 5
= Hcota: — 0tf) vl
et AB be the rod and

the rod to the horizontal, pr,,,

“'in contact with the plane

. olined planes of inclinati, &
two smooth 1M AT - e
tersect in a horzzomal

$

line,
that

W its weight acting and G, th, mig
- point of AB. Give a smal| anguhé
Y displace_ment Al tothe rog iy, the
vertical plane, its ends remajp;,

The

: B’- - only force doing work in sy} ,

~ displacement is the weight W

‘The reactions at A and B 4y
 work..
Fig. 12 , no,fw' 9 i e
Let y be the height of G above O. e we.
g= GB.sind + OB.sina ‘ ‘ &t
ol - -

= §8inf + OBsina . ... ...(1),
We must express the variable length OB in terms of 6.

From A OAB,

~ _AB

w7y = whay

I.OB-MD ~9
sin(a 4

Hence, from (1),

=~ 1 Isin(g - ¢
y_ ]
2W+§,7,-(&¢3}mna ......... (2)
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The eq\latlon of virtual work is

~W.ay=0
1o Ay = | FRCR e @) -
Teking differentials of (2) "

o | Ising
py= geosd60+ Sin(a-+g)"%08(6 ~ 6).(~ ag)

cosf _ Siacos(8 — g
= 1.66 [T W]

Equating Ay t0 zero and noting 4 @
sinacos(8 - ) 8 1hat A8 £ 0, we have

# Tosm(a+f) T ’
j.e. cosd(sinacosB + cosasing)

—2sina(cosBeosd + sinfsing) = ¢ ]
i.e. cosd(sinfBcosa — cosfsina) = 2sinfsinasing

[ stang = S8 — Hose co.sﬁshj
. co T

| . 2sinasing
= 5(ceta — cetf)
A Q Ex. 7. A uniform ladder AB rests against q smooth wall at
(/47 Aand upon the ground at B. A boy whose weight is twice that of
ladder climbs it. Prove that, the force of friction when he is ot
the top of the ladder is five times as great as when he is at the
bottom. ‘ LRI PEL YO
Let AB (= 2I) be the ladder, G its centre of gravity, W
I its weight and 6 its inclination to the
A vertical. ' ‘
Let F be the friction at the ground
‘and L the position of the boy such that
BLex, Bein 3288y pon - CF

N

e

$.. ¢, ‘zw o The height of G above the%r%und{ geet
[ ¥ 3 A
= ' ht of L = zcosb.
Fig. 13 Icosf and the height o z o

The distance of B from the foot of the wall = BO = 2isiné. ¢

Let the ladder be slightly displaced so that it remains in ‘
contact with the wgll and groundand 8 changes by A6. . bt

The normal reactions at A and B do no work ,

i



ation

of virtual work is
2W-5( zCO

STATICS

M) v F.6(2lsin6) =0
— 2FIcosfd)66 = 0

4 F, be the values of F when the boy ;
8

the top respectively. -

F; = g-(l +4l)tand=
Clearly F; = 5Fy. -

5Wtanf

at t}le



W VIRTUAL WORK

/'\ E& 8. A step ladder int
legs mclmedat an angle o to

Let AB= 2a and ¢ pe the
angle made by AB or AC with
the vertical in any posiiion. A
weight Wis attached at G; where
CG; = 2#

Let T be the tension in the
cord.

Give a small virtual displace-
ment such that @ becomes

. w,

0+ A0.The reactions at B and C 5
and the reaction at the hinge at

A d:o not do any work. Fig. 14

Height of G, (or G,) above BC = acost = (02O ~
Height of G3 above BC = 23cosg.
G,G; = 2asind . a w080
Hence the equation of virl.'uai work is
~2W16(ac086) — W5 ( 2coss) — Té(2asing) = 0
i.e, 2W;asing. A9 + 28V ging. Ag
~24T.cosf. A8 = 0
[(w:+ %) sing - Teomt] 20.=0

As A9 # 0, we hae (w,d}) sing < Teosd = 0.
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aT=(Wi+ -Y,—z) tané... .. - (1)
When there had been no W, let T, be the
Putting W = 0 in (1), Tyoz= Wltanﬂ...
Hence increase in tensmn = T T %—

In ethbnum posmon, 9 =
and hence increase in tensmn =. Wtana
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/) Ex. 9. A tripod consists of three equal uniform bars, each of

‘"*'-—.-‘-*m-*-u = g

.lgngth a and weight w, which are freely jointed at one extremity,
Y heir middle points being joined by strings of length b. The tripod
is placed with its free ends in contact with a smooth horizontal

plane and a weight W is attached to the common Jomt Prove
that the tension of each strm is (2W + 3w
! gis 3 T a2 — 1262

Let OA, OB, OC be the bars.

AABC meg_g rgl and if S is
its arcumcentre, OS will be vertical.

Let LOAS = OandA,B ,C be
the midpoints of OA, OB, OC respec-
tively,

The height of O above the plane ABC Fig. 18
= 08 = OA.sin 0 = asind
The heights A’ B,C ate Gsing each.
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!
From AABC,
AB _ _ oy circumradius = 25A
m = 2x clrcum V /
ie. 5'1%?'6‘ = 2ac086 S_\Nao oh.

& AB:2ac0s8in60° = ay/3c0sd

HAB = 3AB = ‘-‘3@,;92'2 = length of each string,

Give a small symmetric displacement such that § becomeg
8+ A6. Then O ascends and also the mid-points of the rods,
while the strings are shortened by equal small amounts,

Let T be the tension in each string.
1) The work done by the weights of the bars
= —3wb (,‘z‘sina)
"+ ) The work done by the weight attached at O

‘ (— —W.6(asin3)
" ) The work done by the tensions in tt : three strings

= —3T5 (aﬂcos&) ;

Hence the equation of virtual work is

~3w.6 (gsino“) - W.4(asing) - 3T.5 ( “4@2"0_59) =0

0 I

ie. — 11é’ﬂcoseéﬂ\-’- Wacosdso

R

+3T8Y3 51050 = o U/
AS 86 # 0, we have ‘( (/3 )
-(}fl“'w)cow#a-%@sina:o . R

3w 42
2L Y 5L NP

In the equilibrium position, A'B' =

a
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Gl . f length | and weight Wi
with its upper end resting agains wg is he}d
sl o o ol i s e en
stands on the ladder at a distance I from the i ':’;? Sth];v
that If the ladder is kept from slipping by means of a couple thu;
moment of the couple is equal to (%W: + W'I")sing whg ve 0 i
the inclination of the ladder to the verticql. ; 1

(B.E. 55)
First, let us drive an expression for the work done by a couple

B

55

P A
Fig. 16 Fig. 17.

Let P, P be the forces of the couple acting at the ends of the
arm AB. Refer-to-fig—46.

Clearly, if a translational displacement alone is given to the

arm AB, the two forces will give equal but opposite amounts of
work,

Hence work is done only when the arm AB rotates in the
plane of the couple. Suppose the arm AB rotates about A

through a small angle df. Then B receives a small displace-
ment = BB' = ABdg



7 ough
In fig. 17, AB (= 1) is the ’

: he ladder and W its wej .
vertically downwardg at G, the midpoint of AB. s g

W is the weight of the man ai:ting at L, where AL,
AB makes an angle ¢ with the vertical.

Let L be the moment of the coupel required to I
- Sh e Prevent t
ladder from slipping, ‘ ‘ 5 =

= 1'.

Give a small displacement such that ¢ increases by ag.
The height of M above O = I'cos§
The height of G above O =.1cos§
Hence the equation of virtual work is
—W'.J(I’cosﬁ_)- — Wé ( % cos 0) + L& =0
ie. (Wrsing+ Wlsing+ 1) s6 =0
As A6 #0,Wising + Wisinb 4 .4 -
oL = — (WI’+ _vg_z) sing

@ The negative sing shows that the moment of the couple is
clockwise, BV : '

2 o trnd o P IRl 1028 ' o T ity ! P A
S ek AV M




