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§ 1. Couples: Definitio seen that the general met}

have -
In the last Chapterf‘tvweo equ al and unllke pal'allel fr()ces fa.ils
finding the resultant 'unax and unlike parallel forces “ahnot
i.e. the effect of two

ir of such forces is calleq 4 Coupy,
ingle force. A pair 0 .
replaced by a single

[ P egind and un%kepam”el forces not acting at tp, Sam,
3 {“\ : eq . '
. POi;!t are suid to constitute a couple

the forces used in winding o clock

Examples of a couple are ; %

or turnj pae:ap Such forces acting upon a ngld_ bOdy €an hqy,

only am:;iaﬁoly effect on the body and they SAINOt produyg, ,

motion of translation. &0 W& _

\.-— igt P,I;b;Ehe magnitudes of the forces forming a couple
3 , and O any point in thejr plane.

od o

¢
. % A . Draw QOAB Perpendicular ¢, the
. " forces to meet their lineg of action
oA* v A and B,
O Ale—ry—3 The algebraic sy, of the moment,
1 of the forces about O ig
g ~ =P.OB - poa
Fig1 * =P(OB - Qa) = PAB ceu.
4nd this valye i independent of the position of 0o
Thus the algebraje sum

gebraic sum Mmeasures the totgl
turning effect of ¢ forces of thq couple upon the body and is
called the moment of the couple.
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M«'ﬁrﬁ"t {t Gl s [

(_m g;-eth":o:;en; of a couple is the product of either of the
qwo forces uple and the perpendicular distance between
them. ] 2™
G’he perpendmflar distance AB (=p) between the two equal
forces P ofa couPIe is called the arm of the couple. A couple each
of whose forces 15 P and whose arm is p, as in fig. 1 is usually
denoted by ®,p.) 2o ASY oK

A couple is positive when its moment is positive i.e. if the

¢orces of the couple tend to produce rotation in the anticlockwise
direction and a couple is negative when the forces tend to produce

rotation in the clockwise direction.
2 Equilibrium of two couples: &% "

Theorem: If two couples, whose moments are equal and
act in the same plane upon a rigid body, they balance

PO Eary o7

opposite,
one another.

Let (P, p) and (Q, q) be two given couples such that Pp=
a ﬁf‘;ﬁiﬁu‘%ﬂgﬁut opposite in sign. L

Case 1: Let the forces P and Q be parallel.

L Draw a straight line perpen-
- r dicular to the lines of action of the
% ,_L ; 5 forces, meeting them at AB,C,D
e ﬁ.:#l--_#} ) as in fig. 2.
1 . 1 Since the moments of the

a4
Yp.a couples are equal, we have
’ (1)

Fig. 2
The downward like parallel forces P at A and Q at D can be
compounded into a single force P + Q acting atL such that

PAL=QDL... ... ... @
(1) - (2) gives

Pl

D



¢ = QCL . v i
ie :1 ::13') shows that the resultant of the upward like Paral)g
Res

" hrough L. The magnitug
¢ C will also pass t . ® of
fof'ces PatB :l"dans:) P + Q butit is opposite in direction tq the
this resultant is = w0 resultants balance each othey

Y t. Thus the .
previous resultan ! couples are in equilibriy
Heuce the four forces forming the Er?r AN o

Case 2: Let the forces P and Q intersect
Let the two forces P of the couple (p
p) meet the two forces Q of the couple (Q:
of P__Je g atthe points ABCD. Clearly ABCD j,
X L a parallelogram.

‘Let AB represent P on some scale.

A? P / B Asthe momerl_lts__._ of the two Co uples are
e et N
egual, we have

Pp=Qq.. .. ....(1)

Q

Fig. 3

Also AB.p = AD.q (each being equal to the ar(_ea of the || gm
ABCD) ... ... ... (2)
(1) = (2) gives

A5 = 2y e &)

(3) shows that the side AD will re
: : present Q o
scale in which the side AB represents P A

The two forces P : L
ol gm. low s thag o8 2 A cab be compounded

P+Q) at A = AB+AD = A7

8imihﬂy(P+Q)uc.w+m=m

The two regultan
cancel each other. AT and CA being equal and opposite

H2nes the four n.
orees forming the couples are in equilibrium- |

\
=4
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§ 3. Equivalence of two couples:

Theorem: Two couples in the same plane whose moments

e equal and of the same sign are equivalent to one another.

Let (P, p) and (Q, ) be two couples in one plane having

the same equal moments in magnitude and direction. Let (R,
;)/be a third couple, in the Same Plgne, whose moment is equal
to the moment of either (P, p) or“.(Qj) only in magnitude but
opposite in direction. By the previous theorem, the couple (R,
») will balance the couple (P,p). It will also balance the couple
(Q,q). Hence the effects of the couples (P, p) and (Q, ¢) must be

the same. In other words, they are equivalent;j

This is a fundamental theorem on coplanar couples. From
this, it follows that a couple in a plane can be replaced by any
other couple in the same plane, provided that the moment of the
latter replacing couple is equal in magnitude and direction to the
moment of the first couple. The replacing couple may act in any
manner in that plane i.e. it does not matter in what direction its
forces act; the magnifude of its forces and its arm length may be
anything. The only important criterionis that the moment of the
new couple must be equal to that of the first couple in magnitude
and sense,

‘ 1y
Thus a couple (P,p) may be replaced by a couple (F, ]E)
in the same plane with its constituent forces each equal to F and
the arm length being equal to %B-The moment of this couple

is=F r = Pp moment of the first couple. Also one force F
may be taken to be acting in any line and direction, the other at
the distance £F being on that side so as to make the sign of the
moment same as that of (P,p).

Similarly, the couple (P,p) may be replaced by & couple
(E’R‘ z) with a given arm x anywhere in the plane.
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§ 4. Couples in parallel Planes: Theorem,
~ % Coup j

upﬂn a ﬂ‘g'ld bOdy is not alter.e

L\l & ‘} P Pt l |
/ a coupleé . . d; |
| The effect of allel plane provided its momen,; o iy |

is transferred to a pa pasprod ‘
""c"""e,:d in magnitude and dir-ction L

Consider a couple of forces P at the ends of arm

the lines of action f the fBM by
Or

In any parallg) 1 Cey
straight line CD equx;f:e’ tak
lel to AB. nd arg

Then ABDC will
i;g)gram. The diagonal;: 4 Pary).
' wﬂl biSth an q
0. L each Other, say o

and opposite forces of magn?Eu;]
Ude

CD *a be replaceg In itg 10 AB. Now this couple with arm
H@m ce 7Wh plane by another couple, provided
.nu: € conclude 9ed in magnitude and direction as in § 3
mmby 1er couple ey - ° Souple in any plane can be replac
8 of the two 1810 8 parqllg plane, provided that 'thﬂ
®0uples are the same in magnitude and sigh-

b given plane. Let AL 4, (;‘\B in,

e ———l,

|
i,

i




its position in any one of a set of parall

be supposed to act. el planes in which it may

A couple is therefore completely specified if we know (i) the V7

direction Of the set of paralle] Planes (i) the magnitude of its
moment (iil) the sense in which it acts. These three aspects

of a couple can be conveniently represented by a straight line -

drawp (i)_perp.endicular to the set of parallel planes to indicate
the direction (ii) of a measured length, to indicate the moment of

the couple and (iii) in a definite direction, to indicate the sense
of the moment.

Such a vector which is drawn to represent a couple is callzd

the axis of the coupe > p) v o

§ 6. Resultant of coplanar couples: Theorem: '

The resultant of any number of couples in the same plane
on a rigid body is a single couple whose moment is equal FJ the

algebraic sum of the moments of the several couples. Ly
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Let (Pll:' p;a»me plane upon & body. Let AB :‘;PI‘ESent the
5 . the
wrm 9, ofthe s couple (1, pr) Whose COmPOTEIt forceg p, a
arm p, 0

along AC and BD.
P ) ) =P ¥ ;
The moment of the _second couple (P2, p; : 2.D,. Thls

i t couple, havine ;
couple can be replaced by an equivalent ¢ dPBD B its ap,
along AB and having its forces along AC an ;

If F is the force of such a replacing coup'lg,

we have F . p; = Pyp2

...F = P2p2

pP1
Thus the couple (P, p,) is replaced by another couple whg,

arm coincides with AB and whose component forces_a](,ng AC
and BD are of magnitude P—p;&

Similarly the couple (P;, p;) is replaced by a couple ( %& Pl)
1y

: P, o .
with the forces »1-,11”—3 along AC.and BD. This process 1S repeateg
for the other couples. ‘

Finally, we get a single _couplé with the arm AB, each f
whose component forces

------

The moment of this resultant coupie

llllll



€samenpl . s
parallel planes, they can a]) fopmh Plane but jn different
in one plane parallel to the givep pla
can be found.

M Resultant of a couple and a force: Theorem

[,'4 couple and a single force getin,

: & on a body cannot pe j
equilibrium but they are equivalent 1, %

‘ the single force acting at
some other point parallel to its original direction,

.—.’_—-.

- _a
L___...;.‘
% i

»
%
.é,
®

Fig. 6

Let the given couple be. (P, p) and the given force be F lying
in the same plane. Let F act along AC.

Replace the couple (P, p) by another couple whose each force
is equal to F. If x be the length of the arm of this new couple; its
moment = F.x=Pp. i ‘

Pp
F

Place this couple such that-one of its component forces F
acts at A along the line of action of the given force F but in the
opposite direction i.e. it acts along AD. The original force F along
AC and the force F along AD balance. We are left with a fcrce F
acting at B parallel to AC, as the statical equivalent of the system.

AISOAB-"—Z:%E

i, T =

Hence the couple (P, p) and the force F are equivalent to ;n
equal force F, parallel to its original direction, at a distance 'I.l)
from its original line of action.’]
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2 7 A acting at any p‘t’_i"t At of a bog,
> : ng a an J
s Theore™ 4 parallel force acti o
/3 & ¢t to an qua;a‘;’; tﬁget}zer with a couple. er
tne ’

s rqm‘mle". B of th
arbitrary point ting at A along AC and B any arhitl.aly

Let P be s forc® 25 o B from AC.

: 1 be the distd ‘
point. Let p At B, apply two equal and ODDOS“&

p h equal and parallel to p

P SO L o forces eac ale
. te L BL and BM. These two new forceg bei?,g
- P equal and opposite, will have effecgt
on the body. Of the three forceg

‘.‘7‘

e -

iy
r S € acting on the body, the forces p 310:’
Fig. 7 BM and P along AC form a couple ﬂnrgl

the remaining is the force P acting at B, parallel to the Origing
force. Thus the statical equivalent of the original force P 4t 5 ,S
an equal and parallel force P at B, together with a couple Whog
moment is Pp, where p is the perpendicular distance of B from
AC. : ' :

Note: The moment of the couple is equal to the momes, of
the original force at A about B.

ME Yo vt ] fng O &

P Gﬂ_ﬂ. Theorem: If there forces acting b‘? a'qr"igid body b
represented in magnitude, direction and line of action byythe
sides of a triangle taken in order, they are equivalent to e
whose moment is twice the area of the triangle.

Let, P, Q, R be three forces

! acting on a rigid body and rep-
resented in magnitude, direction
and line of action by the sides
BC, CA, AB of the triangle ABC
e taken in order. Through ‘A drav
LAM parallel to BC and AD per

e pendicular to BC. At A, alo_ngA];
Wposite forss, each aqug) 1 and AM introduce two equal a»

equal and : P. These two new forces, beirs
OPposite, have ng effect on the body.

a couple
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Now the thl‘ge forces P along AM, Q along CA, and R
AB act at the point A and they are completely répi:sentacllogg
e sides of the :ﬁABC_ taken in order. Hence, by the triane] );
forces, they are In equilibrium. We are left with g force P gle :
AL and @ force P along BC. Thege being two equal and Rk
forces form & couple whose moment A e
2o oW

- PAD = BC. AD = 2 AABC. :

10 Theorem:lf any number o ! .
A el drelh f f?rces acting on a rigid body
be represente gnitude, direction and line of action by the

sides of @ polyg?n tafaen in order, they are equivalent to a coupie
whose moment 1§ twice the area of the polygon.

Let the forces be represented completel i .
y by the sides AB, BC,
cD, DE, EF, and FA of the closed 2 G,

polygon ABCDEF. ,Joiq AC, AD &
and AE. '
Introduce along AC, AD and

AE, pairs of equal and opposite c
forces represented completely by
these lines. These new forces do
not affect the resultant of the sys-
tem. :
Fig. 9

Applying the theorem of § 9, we have

AB + BC + CA = a couple whose moment is equai to
2AABC. &

AC + CD + DA = a couple whose moment is equal to
2AACD.

AD + DE + EA = a couple whose moment is equal to
2AADE,

AE + EF + FA = a couple whose moment is equal to
2AAFEF.

Adding vectorially,

AB+BC+CD+DE+EF+FA
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tant of the four couples

= resul \
moment is equal to

= a single couple whose
2(AABC + AACD + AADE + AAEF) ¢
i.e. The resultant is a couple whose moment is equal to e,

& o | the area of the polygon ABCDEF.
: " WORKED EXAMPLES

\&‘
%

o~ Ex. 1. ABCisan equilateral triangle of side a: D.E.F divig

€ “he sides BC, CA, AB respectively in the ratio 2:1. Three Force,
ecch equal to P act at D, E, F perpendicularly to the sides o
oatward from the triangle: Prove that they are equivalent 1, ,

~ couple of moment 1/2 Pa. (B.Sc. 81 M.U.)

Let O be the circumcentre (also ’the’ ox;thocentre) of the
equilatera] A an(} A,B, C the middle DOints
of the sides. OA is 1 to BC.

Py

Applying § 8, the force P acting 4t
1 to BCis equivaler'lt to a parallel foree P \
acting at O along OA together with g couple
whose moment

= PAID = P’(ﬁlc = DC)

=P.(%_a) =EGQ

Fig. 10

Similarly, the force P acting at E | to CA is replaced by

a parallel force P acting at O along OB’ together with a couple
whose moment = %q

. J’: ::rce Pactingat F | to AB is replaced by a parallel forc
o ¢ O along OC' together with a couple whose moment
Th
are in :l::ilhr';e ; ngl forces P acting O 1 to the sides of the trian®
rium by the Perpendicular triangle of forces.
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The three couples having the same moment Pu

e ] each in the
same dll‘le)cuon aPTe equivalent to a single couple V;GI‘IOSG moment,
& 3 X _Gg o «a

/ Ex. 2 Five equal force.:; ac alongthe sides AB, BC, CD, DE,

./ EF of a regular hfzxagon_ Find the sum of the moments of these

3 forces about a pomt' Q on AF at q distance x from A. Interpret
V< the result and explain why it is s

g \\Lp

©))

(B.Sc. 44)

ﬂ,.
D TLet g be the length of each side
yo- Of the regular hexagon. Each interior
angle of the regular hexagon =120°

-?

< We know that AB || DE, BC || EF

and DC || AF, FB 1 BC, AE and DB
. are 1 to AB.

< Let equal force P act along the
B, ' sides AB, BC, CD, DF and EF.Q is a
point on AF such that AQ = x.

Fig. 11
From Q, draw QL 1 to EA and QM 1 to BF. ;
S ARD
Let AN be 1 to BF. Ce s

N

FB = FN + NB = a cos 30° + ac0os30° #=2ac0830° [ pconzt - F

AC = AE = BF = 2a cos 30° a ta2h %y, o
Moment of P along AB about Q
/% = PAL = P, x cos 30° (from rt. ZdAAQL)

g Po¥d. i) o
2 Y
Moment of P along BC about Q

=PMB =P (FB-FM)
= P [2a cos 30° - (a-x) c0830°]
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N 0
- P (28 -a + X c0830

v (2)
PR
P (. P a]ong CD about Q

t of 4
Momeg or AP CD andfg is L to CD)
s cos30® P20 Y3 = b - &
= P.2a ;

' Moment of P along DE about Q
gPEL==P(A.E—AI-4)

= P (2a cos 30°— x cos 30°;

Moment of P along\EF.‘ about Q
= PMF = P (a - x) cos 30°

Adding up, the sum of ‘the moments of the five forceg

about Q -
2— . <
= P33@+P(a+z)¢+lza\/j+1)(2a—z)3@+P(a_z)¥‘;}
P ‘ e
=P 3@(:+a+m+20—z+a—z)

=P -\?ea =3Pay3 = 3 constant, independent of x.

The sum of the moments of the fiye forces aboyt any point
on the sixth side AF jg constant,

Introdece two equal and Opposite forces, each equal to P
along the gixth side, These new forces do not affect the resultant



COUPLES 97

Hence by § 10, they are equivalent to a couple whose moment
is .
= 2 x area of the hexagon

=2x6xa234é

= 3 a?v/3 = 3a+/3P (as P is represented in magnitude by a)



