' Chapter 1

HILBERT-SCHMIDT THEORY : |
~ SYMMETRIC KERNELS

s Square Integrable Function

= Hilbert Space
- B & Orthogonal System of Functions
i s Gram-Schmidt Orthonormalization Process
m Symmetric Kernel Hilbert Schmidt Theorem

3.1 INTRODUCTION

The part of Fredholm theory which involves integral operators generated by real
symmetric kernels is referred to as the Hilbert-Schmidt theory of integral equation.
Owing to the richness of its result, the theory has attracted extensive attention of
those interested in practical applications of integral equations as well as those
intereste}:l in abstract theory, specially functional analysis. In this chapter, we are

going to focus our attention to those aspects of the theory which constitute the
interface between differential equation and integral equations,

GENERAL DEFINITIONS

Definition 1 ..
A function f(x) is said to be square integrable if
[[1 @) dx <

A square integrable function f(x) is called an I,-function, ie., a function f(x) is
said to be I, -function if the following conditions are satisfied :

O [ [k t)P dxdt<woVxelsb], Vel b]

(ii) I:lk(x,t)lz dx<o ; Vxela,b]
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94 Integral Equations and Boundary Value Problemf

(i) Lb]k(x, HEF dz<o ; Vie(a, b]

Definition 2
Let f and g be two complex I, -functions of real variable x, then inner prOdUCt or
scalar product, denoted by (f, g) and is defined as

b =
(f, 8)= L f(x) g(x) dx, where, bar denotes the complex conjugate.
Definition 3
qu functions f and g are said to be orthogonal if
. b _ ,
(f 8)=0,ie, [ f(x)3(x)dx=0

Definition 4

The norm of a function f(x) is given by
L 1=[ [ Fwax] " <[ f1sef ax]”

Definition 5
A function f(x) is said to be normalized if | | f(x)| |=1.

©® A non-zero function, with non-zero norm can always be normalized by
dividing it by its norm.

3.2 COMPLEX HILBERT SPACE e ook BB ol ad S
{ 7

Let H be a complex Banach space. Then, H is called a Hilbert space if a complex
number (x, y) called the inner product of x and y, is associated to each of the two

5-)59 vectors x and y in such a way that

(i) (x, y) = (v, x)
(i) (ax+By, z) = a(x,z)+B(y, 2)

and (i) (x,x)=] x ”2 ;forall x, y, ze H and for all scalars o, §

0&@ Efagtgleg of Hilbert Spaces

9 (1) Consider the Banach space consisting of all I tuples of complex numbers with

We shall show that if the inner product of two vectors x = (x, x,,
y=U1, Y2/ , y,) is defined by

the norm of a vector x = (1;, %y, ......, x,,) defined by
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Hilbert-Schmidt Theory : Symmetric Kernels

(=2,

Then, it is a Hilbert space.
For all arbitrary vectors & 3 1 WS TR Gy (v

2=(2, 2,00, 2,) and for arbitrary scalars  and , we have

(1) (W) = Li-"igi ) = (;;.‘]1 + Xol2 + e ¥ l‘ni; )

=1

= () + oo + (3, 7,)

= f1 (;7_1) + Y2(-171‘—) to + :I.'" ('_n)

=4y Y, ... + X,
=YX Y +,X,
=
(if) X+ By =o(xy, Yoo, )+ B(Yys Yorevers Yy)
= (ax; + By, ax, +By,, ...... ,ox, +By,)
Therefore, _
(ax+By, 2) = (ax; +Byy)Z +...... +(ax, +By,) Z,
= a(xz; + %,2) + ... +2,2,) + By1Zy + Y22 + ... , +Y,z,)

= a(x, 2) + B(y, 2)
n n
@) @D=dm %= Ylnl =]«
i= i=
Hence, the space under consideration is a Hilbert space.

X% 3.3 ORTHONORMAL SYSTEM OF FUNCTIONS

3

' We know that a finite or infinite set {f;(x)} defined on an interval a < x <b is said
to be an orthogonal set if

(fir £5)=0
ie, [ f®fix)dx=0  ixj

If none of the elements of this set is a zero vector,
_orthogonal set.

The set {f;(x)} is said to be qrmq@ormal if
b 0, i#j
Gotp= [ a0 fmax = {370
-

1
O  Any function f(x) for which | | f(x)| | =1 is known as normalized.
\ ™ g N

L

then it is called a proper

o
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3.4 GRAM-SCHMIDT ORTHONORMALIZATION PROCESS
N\
S |MEERU T 00
w0 '
& let [ [ e the sef of piven funchons We van consfuiet an

arthogonal set [y £: N 1 By G achmiudt provess as tollows

Lot \ ““

Totind gy we can defie
aa(V) - Y Y

The tunction . s orthogonal o ¢ Theretore, ¢ can e construcied by sething

\\: t :“l !
Procend g the same way we et

D W
) = K - Y (e )R N A

AT

= | o
Also 1 we are given st of orthonotmal tunctions. we can convert o an
orthonormal set stmpl\ by dindmy cach function l\)‘ s norme Now - starvtug from
an arbitrary orthonormal system b posatble to construct the theony of t‘\\mu'\
series. Suppose we want o nad the best appronmation of an ahittany tunctuon

t\) i terms of a linear combmation ot an orthonormal set (g N
Now, for any a; ;.. a. wehave s
l:' Tao | TN ol TGRS
J :{ :;:é X e AN ¥ ":‘ ¢ Ni ‘]\

Clearly. the minimum can be attained by setting «, = (f, 8 e (sav)

Here, the numbers & are hnown as Fourier coetticients of the tunction t(\) relative
¢ [}

to the arthonormal system [y, ] Then (1) can be written as

2 LA .
,f'-iﬂ.x,l bl Ylal 2

1=l r=l
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Hilbert-Schmidt Theory : Symmetric Kemels 97

since L H'S of (2) 1s non-negative, we get

Sig it <t f

wiuch gives the Bessel's inequality for the infinute set [g ], 1e,

Staeifert L (3)

e
P

Suppose, we are given an infinite orthonormal system [g,(x)] in I, and a sequence

ot constants < a, », then the convergence of the series Z,a;i is clearly a
k=1

necessary condition for the existence of an I,-function f(x), whose fourier
coefficients 1s with respect to the system f, and «,.

Schwarz Inequality

If t(x) and g(’r) be any two I,-functions in a Hilbert space H, then

(f- 8=l fH- [MEERUT-92, 94, 98, 2000]

Proof : If g =0, then | g [=0 and |(f, g)|=0. Therefore, in this case both sides

vanish and result is trivially true.

Now, let g = 0. Now, for any scalar 2, we have
(f+rg f+2g)20

(f, f+rg)+ Mg f+1rg)20

= (f, f)+X(f, 8)+ Mg, f)+1h(g, §) 20
= | FI AL Mg F0 (1)
Since, g #0 = | g | #0, therefore putting A ——(gﬁg) in (1), we get
_ U9 (.8,
e Fa
”f”z_l(f,g)l (f 8 fg) I(f,g)ﬂl s
Isl’ Igl’ Is I’
iy "f”2_|(f'g)|2_l(f/8)2 fg
lg1®  Tsl* sl
- psp-als
I gl

= Nf1P s -1 91720
SR TE R
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Minkowski Inequality

If f(x) and g(x) be any two I,-functions in a Hilbert space H, then
IS AR FAE

Bessel’s Inequality

‘Statement : For every square integrable function f(x)
2ICIT =210 8 < I E,

where f(x) is real and continuous and ¢,(x):i=1, 2

: is real and continuous
and consisting normalized orthogonal set.

- [MEERUT-1997, 99]

Proof : Consider

[[1£0 -2 Cai) | dx= ') f) [ dx s 3 L1G 181 dx

_ZI [} 7@ Cy(x) dx - 2{' [[fo) Ciaydx 1)
Now, since  ['| §,(x)]* dx =1, [ f@) Bix) dx =, [ 7@ bi(x)dzx=T;
" 2 n .
implies that |'| f(x) - G| dx= [/ f(0) 12 dx - SIGIZ @)
The integral in (2) has non-negative value, therefore, for every n, we have
SIGIES [P dx=] |f11° AR e e (3)

It follows that the series il C;|* is always convergent and its sum satisfies the
inequality -
JIGIE s [ dx=] £

©® When n — o, the LHS of (2) tends to zero, then
Zl C|*= I f "2 is known as Parseval's equation.
i=l . \ SN —

OTHER USEFUL DEFINITIONS

'Definition1 .
Given a sequence of functions < f,(x) > and a function f(x) in I,-space defined
on an interval I, then the sequence < f, > converges ‘lflvn_.iform‘lry/rqn Lif

SupI fm(x)_fn(x) I“) 0 as m,n— o
xel

-~
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Hilbert-Schmidt Theory : Symmetric Kemels 99

Definition 2
The sequence < f,(x) > converges uniformly to f(x) if

sup| f(x)~ fu(x)| >0 as n >
el

Definition 3

The sequence < f,(x) > converges in the mean on [a, b] if

,[,:\ fulx) - f,,(lf)\2 dx > 0as m,n—-> QP>

Also, it converges in mean to f(x) if

e ﬁ‘ ()= fu(x)]* dx=0 | -

n—w

Definition 4
A series of functions S =) fi(x), V xel
=

converges uniformly (or in mean) to F(x), if the sequence of partial sums

n+p

5,(x) = ., fi(x)

i=n

converges uniformly (or in the mean) to F(x).

Definition 5
The series S, defined above is said to be absolutely convergent if the series

S| fi(x)] is pointwise convergent .
=

‘Remark
@ On a finite closed domain , uniform convergence implies convergence in the
mean. The converse is not true. For example, as the open interval ] 0,1 [, the

—_—

sequence < ¢ "' > converges in the mean but not uniformly. N

3.5 RIESZ-FISCHER THEOREM [MEERUT-2004, 05, 05BP]

Statement : Let {¢;(x)} is an orthonormal system of I,-functions defined and

integrable together with the squares of their moduli in the domain of (a, b) and
<a; > is a sequence of complex numbers, then the series

& 2
Zl o |
i

converges. There exists a unique function f(x), integrable together with the square
of its modulus for which the numbers o, are the fourier coefficients with regard to
an orthonormal system (¢,;(x)} to which the fourier series converges in the mean.

Proof : Consider the sequence of partial sums
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...... (1)
$,(%) =) a; ¢;(x)
i=1
Since, we know that o
Lo 8@ demlaZy 1slad, 1o afady| e

S - exists an
Since the sequence Z]a, 1 is convergent for every e>0, there
i=1

arbitrarily chosen positive small number & such that

- 3
i@ =5, 1<, Vs m - )

- Thus, “there_exists a unique function f(x). integrable in the domain Q(a, b)
't-ogether with the square of ts modulus to which the sequences (1) converges in
the mean and therefore

f_iai¢i “)O wliee (4)
i=1
Since the numbers a; are the fourier coefficients of the function f(x) with regard
to the system {0;(x)}, then
n 2 n 1
f=2 00, " =|f "2+2|Ci|2+’2|ai‘ci *>0as 7o
i=1 i=1 i=1

Using Bessel’s inequality, we have

%=Ci= [ f)h(x)dx

is convergent in the mean to that function, that is

_ n C .
L et %)
Also, from (5), we observed that the fourier coefficients G of the function f(x) with
Tespect to the system {9;(x)) satisfy Parseval’s equation
- \
CI? = 2
211 =7 S @®)
- 3.6 SYMMETRIC KERNEL =

where the bar denotes the complex conjugate. In ¢
Symmetry reduyces to the equality & ase of a Treal kernel, the
k(x, 1) = k¢, )

TECEPEYYRERRE LA

"" f’i f‘ﬂ” o’r' /q tg %
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GENERAL THEOREMS

THEOREM-1

All iterated kernels of a symmetric kernel are also symmetric.

[MEERUT-1997, 99, 2000,06(BP), GARHWAL-1999, 2002, 04]
Proof : By definition of iterated kernel, we have
kl(_«’f, t) = k(x, t)

ky(x, £) = j: ka(x, 2) (z, ) dz

ke 0)= [ ksl D K 1) dz
Also, given that kernel k(x, t) is symmetric, therefore

k(x, y=k(t,x) (1)
Now, consider

b )= [k Dz O dz = [ k(x, 2) Kz, 1) dz [Using 1]
= Kz 0kt 2)dz = ['R(t, 2 k(2 x) dz

= I: k(t, 2) k(z, x)dz = ky (¢, %)
‘= Resultis true forn =2, ie., k(x, f) is symmetric.
'Let us suppose k,(x, t) is symmetric for n = m, then we have _
km (x' t)= Em(t' .'X) ...... (2)
We shall prove that k,(x, t) is symmetric forn=m+1.

Consider

k(0= [ k(x D k(e dz = [ Kz, Dk (t 2) d2

= [Tt ) k@ 1)z =Tyt )

Hence, by principle of mathginatical induction, we can say that the iterated kernel
k,(x, t) is symmetric for alln..

© The above relation jmplies - k;(x, x) = k,(x, x) and therefore, the function
k,(x, x) is real.

THEOREM-2

The eigen function of a symmetric kemel corresponding to different eigen values
are orthogonal. [MEERUT-1995, 1999, 2001, 03, 05(BP), GARHWAL-2002]

Proof : Let ¢,(x) and ¢,(x) are eigen functions of a symmetric kernel k(x, f) for
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eigen values 1, and A, respectively of the homogeneous Fredholm integr
equation

o) = A [ k(x, 1) §(t) dt

...... (1)
“Also, since kernel k(x,t) is symmetric, therefore
k(x, t) = k(t, x) ) ) [ — -@
Here, we observed that A =0 can not be an eigen value since it gives the trivial
solution ¢(x)=0. L e A
.. Now, ¢, and ¢, both satisfy the integral equation (1). Therefore, we have
L ‘ ¢m(x) =1, :k(x, t)‘bm(t) a0 e (3)
and

)=, [ k@ Ho,00at . @)
Multiplying (3) bv ¢ /) and integrating w.r.t. x over an interval (a, b), we have

Jo 0u) 045) = [ 0,0 { [2 kG, 1) 0 at| dx

= %o [y 0| [} kx, D0 (3) dx )

(By changing the order of integration) — ...... ()
Since, kernel k(x,t) is symmetric, therefore using (2), (5) can be written as
b () dx = 2, [ 4ut) { [} K(t, x) b, (x) dx } L (6)
| By interchanging the variables x and tin (4), we get
0ult) =X, [ k(t, ) 6, (x) dx )
Using relation (7), the equation (6) reduces to

Jo 6w 8u dx =22 [, 000,00 dt = 2 [* 4, 6) 0, (1)

A'"l b
= (1_K_HJ i@ b@dx=0 (8)
Since, A, # 1, , therefore (8) gives
J.ab(bm(x) d)”(I) dx = 0. |

Therefore, we can say if ¢,,(x) aﬂd ¢,(x) are eigen function of (1) corresponding to
distinct eigen values, then ¢,, and ¢, are orthogonal over the interval (a, b)
Hence, the eigen functions of a symmetric kernel, corresponding to different e’i ‘
values are orthogonal. gen

THEOREM-3

The eigen values of a symmetric kernel are real.

[MEERUT-1998, 2005, GARHWAL-1999, 5003]

2

:

o » 4P w‘:‘*’

3 s ok | g ) ’.\-
PO P . W N Q.fﬁ.{‘ﬁ’d'ﬂ. .P‘
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Proof : Let ¢(x) be an eigen function corresponding to an eigen value A . Then, by

"’) definition of eigen value, we have

{‘33 ¢(x)-lk¢(x)=0 ...... (1)
: 1“ Multiplying (1) by ¢(x) and integrating with respect to x from a to b, we get

{o | 16(x) | 1* ~A(ko, §) = 0

r.g = A=]To()] 1>/, )
g Since both numerator and denominator of RHS of (2) are real. Hence, A is real.
.{.U ~ THEOREM4 - =~ =~ V ‘

l ®© | If k(x, t).is real and symmetric, continuous and identically not equal to zero;- then
Ra) " all the characteristics constants arereal. [MEERUT-1996, 98, 2001, 03, 04, 05, 07]

Proof : Let, if possible, the characteristic constant A, is not real, then we can write

A'o =H, T ivo [Vo # 0]

r\’:} We know that the homogeneous integral equation

l & 0@ =, [kEmnewmdt e (1)
I L has at least one continuous solution u(x) # 0.

l Q\ Therefore,

J ﬁ u(x) = A, j: k(x, t) u(t) dt

lﬁ = u(x) = (4, +1v,) j: k(x, t) u(t)dt | s ssrilD)
} . Separating into real and imaginary parts [considering u(x) as real]

| w(e)=p, (kG Hu@ydt 3)
* o d o
& ) ’ and 0O=v, j Kx, u)ydt
”j’) Using (4), we get

L” K Hutydt=0  [+v,#0]

=\
= u(x) = 0
which is contrary to our assumption u(x) # 0. Hence, &, must be real.

THEOREM-5 ‘

S
3
=
P
_§‘. i
o
-,
ey
(=)
~~
=
=
=
=
Q
3
N
]
o
S
°§.
Q
N
b
=
()
o)
7
=
=
;.
Q
oy
-
®
Q
]
3
w
‘3
s
Iy
~
=
o,
a
KA
)
3
R
Py

forwhich [ ['|k(x, t)|* dx dt is finite. [GARHWAL-2001]

Proof : Let ¢;,(x), 021(x)......, ,,(x) be the linearly independent eigen functions,
corresponding to a non-zero eigen value A . Then using Gram-Schmidt procedure,
we can find linear combinations of these functions which form an orthonormal
system {u;, (x)} . Then (i, (x)} also form an orthonormal system.

rq&biﬁﬁ&%*@ﬁ
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Now, let

k(x, £) ~ Z“i Ul

where a; = Lb k(x, t) uy (1) = k_l“ix(x)

be the series associated with kerne] k

(x, t) for a fixed x. Using Bessel's inequality,
we get )

b 1
ERLEXTERT 2 Xl () 2
Integrating Wt x, we get

[ T, )7 i di 22% -

a Jg -
= Lbf,,bl"(x/f)lzdxdféfé L (1)
where, m i ici

Proof : Using above th

eorem, b including each eigen value in the sequence a
number of timeg equal to its mu_l_tiplicity,‘we get .
2 b ob
2, e T 1)
Let < u,(x) > be the orthon i

Z€r0 eigen valyes A;

b
Z%‘Sj‘alk(x,t)lzdxdt<oo

, . [ 1 i oo
showing that hm[ 77,) =0 and is the only limjt pomnt of the eigen valye

roblems
Integral Equations ang Boundary Value P
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¢=Ak¢

(I -Ak)$=0 .01
Operating both sides of (1) with the operator (I + Lk), we get

(I -2%*)¢=0
or g =2 ["ky(x, 1) 4(0) dt N

> A% is an eigen value of the kernel k,(x, t).
Conversely, let p=1? be an eigen value of the kernel k,(x, #) corresponding to the
eigen function ¢(x), then we can write
(I -2%2) ¢ =0 (
> (I -k +rkyo=0 2)
It A is an eigen value of kernel k, then required result is proved.
It not, let us assume that
I+ d=0'(x) (3}
Since A is not an eigen value of k by our assumption, therefore (3) shows that
¢'(x) = 0
= (I+Ak)$=0
=> -A is an eigen value of the kernel k and hence the result.

3.7 EXPANSION OF SYMMETRIC KERNEL IN EIGEN FUNCTION
[GARHWAL-2004]

Let k(x,t) be a symmetric kernel which contains an infinite number of eigen
values. Let these eigen values

A, Ay, e, Ay (1)
are real and non-zero in such a way that eigen value is repeated as many times as
the ordinal number of its rank, or the number of linearly independent eigen
functions.

Let us assume
0<|) |5|7~2|S-~-»-~5|'\)»,,|5|7K,,+1 1 —

Clearly |A,| > as p—>w
Now consider
0(x) () sy )

be a sequence of eigen functions corresponding to eigen values (1). We know that a
symmetric kernel is identical to the kernel of its associated equation and its eigen
values are real, then two function of sequence (2) corresponding to two distinct
eigen values are orthogonal. The sequence of eigen function (2) of a given
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symmetric kernel k(\, t) form an orthonormal system, i.c.,

man

J’:“‘I‘-.,k\w.,\\)li\ : {(: ...... @)

m-—-n

; : b , - ard to the
Now consider the tourier series 3 C, ¢,(x) of the hernel k(x, 1) with regard
=

L . : e
orthogonal system {¢,(x)} of its eigen function, treating t as a constant. Tl
coefficient of the series becomes
Co) = [ K, 0§, d
Since ¢,(x) is an eigen function, therefore, it satisfy the homogeneous Fredholm

integral equation

b, () = A j KXo dy e ()
Therefore,
8, (1) =1, I’ Kt 1) §,(x) dx = j Kb, de e (6)
= c,,(:)=“L(') ...... ?)
A,

The fourier series of the kernel k(x,t) with regard to the orthogonal system
{0,(x)} of its eigen value has the form ‘
2, 9,(1) 9, (1)
I'gl }‘p

THEOREM-1

If the fourier series of a symmetric kernel k(x, t) converges uniformly with regard
to each of the variables than its sum is almost everywhere equal to the kernel

k(v t) = il M*_i‘f’_n(‘_)

"

Proof : Let us assume

$,(x) . (8) (x) 4,()
Z . )"h .

is not almost everywhere equal to zero, i.e.,

[ 11 PG, )| dxdt >0

P(x, 1) = k(x, t) -

n=1

The kernel P(x, t) of the integral equation
wix) =[] P, 1) wie) dt |

blems
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Hilbert-Schmidt Theory : Symmetric Kernels 107

is symmetric and satisfy the inequality (2). There exists a number A such that the
equation (3) has a solution y(x) not almost everywhere equal to zero. We shall

prove the solution y(x) is orthogonal to all the eigen functions ¢,(x) of the kernel

A(x, 1).

\l‘(-") J }]\ X, f) i«’ ( )¢11() }\U(t) dt

| A,

Multiplying by ¢ (r) both the sides, and integrating with respect to x over an

interval (a, b), we have

M) 8, (@i _xj j % 1) 5, (x) wt) dx dt
—Z 7\[ fb ¢p ¢" ) ot )Au/(t) deddt 0 L (4)
n=1 ”
= [v@§@dr=a [ [[ ke 1) B () vt dx it

S [5w @ B 0 g0 ar

n=1

or jw(m)dw (x dt—kf ij, £) §,(x) w(t) dx dt —xj ¢”(‘) w(t) dt
= [v®Ee dr—xf{jk %) 8y )r—d’l—f)} v(t) dt S
Using (1) and (3), we get

- *If' e ZIM} y(t) dt

—xj (x, ) w(t) dt - "Zw,, )j"¢" O ,, [Using (5)]
= y(x) = A L‘ K, ywyde (6)

The function y(x) is also an eigen function of the kernel k(x, t), therefore, it may
be represented as a linear combination of certain eigen functions of the sequence
{9, (x)} corresponding to the eigen value A.

y(x) = Cid,1(7) + Cod,n (%) + ... +Ebl® 0 (7)
where, m is the rank of the eigen value A .
Multiplying the relation (7) by ¢,,(x), both the sides and integrating with respect
to x over the interval (a, b), we have

ja” Y(*) 4, (x)dx=C, =0(r=1,2,......, m)
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Therefore, y(x) =0, which is a contradiction. Therefore, (2) is not juSﬁﬁed and the
relation

k(x, t) = 2 42 0,0) (xi L — 8

holds almost everywhere when the kernel k(x, t) is continuous.

Hence, every symmetric kernel with a finite number of eige

Ay Mgl by, can beexpressed in the form

------

T k=3 @60 -
LT ‘m=1A ’»)"ni .

where ¢,(x) is an eigen function corresponding to A, neglecting the term with-

norm equal to zero.
THEOREM-2

Let ¢,(x) is an orthonormal system of all eigen functions of the symmetric kernel
k(x, t) corresponding to eigen values A,,, then the symmetric kernel

P(x, t) = k(x, t) _g ¢n(xi 9 (t)

' has the eigen values A1, Az, ......, Wheremis any positive integer.

Proof : Since, we know that

b0 -A[ P pemde=0 L )

is equivalent to

0@) -2 [ kx 1) (1) dt +13 ‘l"l(i)@, gydt=0 . @)

n=1 "

Let us write A=1; and ¢(x)=¢;(x), j2m+1 on LHS of (2) and using the
orthogonality condition
b
6@ -y [k ear=0 (3)

showing that ¢;(x) and A; for j2n+1 are eigen functions and eigen values of the

kernel P(x, t).
Now, let A and ¢(x) be an eigen value and eigen function of the kernel P(x, t) so

that I

S~ 0uX) (4 6 )=
0(x) — Ak §(x) + AZ; y @¢)=0 . ()
Taking the scalar product of (4) with ¢;(x), j<m and using the orthonormality of
9;(x), we have

.
(6, 6;) — MKks, ¢f)+il’.(¢' e — )

n values
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Now, (ko &;) = (0. ko)) (4’ ¢))
Using (5) and (6), we get

(0026, 0) - (6,6)) - (b6 =0
J

In view of (7), we find that the last term in LHS of (4) vanishes and hence (4) gives

0() -1 [ kx, 0 4(t) di =0

which shows that A and ¢(x) are eigen value and eigen function of the kernel
and that ¢ » ¢,, [Sm. Also, ¢ is orthonormal to all ¢;, jsm and ¢(x) and

A are surely contained in the sequence {§;(x)] and [A;], k> n +1 respectively.

THEOREM-3 (MERCER’S THEOREM)

If k(x, t) is a positive definite continuous kernel with orthonormal eigen functions
(041, then the series

; h( ))\% U converges to k(x, t) absolutely and uniformly.
= k

Proof : We can write

P(l’, f) = k(x, t) - ﬁi ¢k(xi¢k(t)
= k

Then clearly P(x, t) is also a positive definite kernel,

1] 2 9
Therefore, P(x, x) = k(x, x) - Xm 20

ie, gm;\—(:) < k(x, x)

Now, since k(x, t) is continuous in the closed domain a < x,t < b, therefore k(x, t)
is bounded. Thus,

t M is bounded for all n.

k=1 M '

Hence, the series of positive terms

; 9—"7&(—") is convergent for all x,
21 A

Also, by Schwarz inequality

m+ 2 e m4 2
(%) ¢’k(t } ) x ()
T 1
‘:g k=m gm’ A'k ( )
Therefore, the given series conver

ges absolutely. Hence, the series converges
uniformly in x for fixed k and in t for fixed t. Now; each ¢; being an integral is a




e integral fquations and ‘BOUHdOQW

. : ; ries
Centiaons function of s agument. Heoce the sum function defined by the s¢

v\ @ \

LA since

woa conimuous tunchion of v tor tned t and con\'m‘f’dy'

8

onverges 0 k(x. B

amttorm vom ergeme anphies maan convergence the series ¢
r follows from the

Uniterm comvergeine of the senes m both v and t togethe
- .~
waguahity (1

318 MILBERT.-SCHMIDT THEOREM

——
e

Statement - sy fwnction {0, which can be expressed i the form

R4
BEERRELGEL - -

@
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rax) _\_;}o\\\ ...... (1)

where the coethicients 1, are the fourier coefficients of the function f(x) with

w
respavt o the system @9, )} e

S
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P e da

...... @)

W s adyee 3
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o

W the tourier series Y, ¢, (1) is convergent in domain (a, b)
=1
) Is sum s the function f(\), given

Copeider the homogeneous integral aquation
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'
systern ! 9. (x) P

K, = , hixjeo, (x;dz

Le., i[ 9.(x) = ZE— 9,(x)

‘n

)

12

!

setianans

The series (6) is fonw:rgﬁm

& P’ bl
’ n-g | h = i~z . 1=2 .
- Zl k@{x( S,V“ ::‘_v P Az
, L k n+ll 'x‘r b (:;'_:L: (:-:.‘_ 3
’:‘, o ‘ nrp
’4 Now, > |k |*<e, for any arbitrary chosen positive small number <
K=+l
¥ n+p | (I l
summation Y - is bounded singce < - s bounde e
T k=n+1| /.‘

the fourier series (6) of the function f(x] with respect to the svstem
absolutely and uniformly convergent on (2 b!
Let s(x) denotes the sum of the series (o) therstors

7.

s(x)= ) _hio,,f.x‘:

n=1 "'H
is equal to f(x)
Now, consider P(x) = f(x) - s(x)

the system {o,(x)} .

Doveewere

Multiplying (9) by 5 (x) and integrating w.r.t. x over the mnterval (1 D) we 2t

JPW\O )dr-| f(x) ou)ir—‘ s 5

B

ie, [ Px)d,(x)dx=
which implies that P(x) is orthogonal to all the eigen tunction ¢, of te
k(x, t). But we know that the function P(x) is orthogonal to the kermnel Kix ¢
3 implies
(.;_ - | . ' [ ke, x) Bty dt =0
: Now, multiplying both the sides by hn) and integrating with regand to \ ove
interval (a, b), we have

b K( N b~
7 7 j j P(t) h(x)dxdt=0 = | P ftyat =0
("\~ d which implies that the function f is orthogonal to P.

Also,  ['|P(x)|? dx = INCINGE s(x)]dr

Here, the function f(x) and s(x) have the same fourier coetticients with regand w
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2 b = b | ¢b o .
Az s [V kst ) F(z) dx s . [ f [ ka(x,s) E@ydx | ds
Using (6), we have
Al < Az - Agyyy hold forevery 2. (7)
Particularly

b b - ,
Ay = L f ky(x, t) F(x)F(t)dx dt (oY)’

= L”l [k, Fayax| as ®)

Now, A, = [ [Pkt ) Fx) F(t) dx at - ﬂ»
- ) b = T et  ,;—' K (O >3 e
Ay = jl [ k(x, ) F(x)dx | at . ©9)

Since the kernel k(x, s) has a non-zero norm (by our assumption), therefore, there
exists a function F e I, such that A >0.

Now, we shall prove that A, >0.1If A, =0, then (9) gives
[Mky(x, ) Fydx = 0

almost everywhere with regard to t in the domain (s, b) and then from (9), we
have A, =0, which is a contradiction.
Therefore, all the coefficients with even indices are positive and satisfy the
inequality .
Sz A (10)
Ay A2
The above inequality forms a non-decreasing sequence. The series £A,A" can not
be convergent for every value of A, unless A;=0.If A, >0, then from (7), we
observe that the same will be true for A, Aq,.... etc. The ratio A,, / A,,_, will be
increasing. The series considered by taking the terms of even order in the series
T A A" can not, therefore, be convergent for every value of A, if A, is not zero. If
A, ,i)e zero then it is necesséry and sufficient that F(x) be orthogonal to the kernel
ky(x,t). |
Now, we shall find the interval in which at least one eigen value }, of the kernel
k(x, t) is contained. The terms of the series (10) satisfy the inequality

A2n+2 . 12,”2 > _/_‘_‘1_ }'2
A2n }"2" A2

Therefore, the series diverges if
(Ag/ A)INE>T = |M]>[ (A /407 ]
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- for _ﬂk(x, t) to the characteristic constants Ay, then [l
normalized orthogonal system of fundamental functions for k,(x

Hence, one eigen value of the kernel k(x, t) is contained in the interval
(JETR), + & TAD)
which is real.

ADDITIONAL THEOREM

damental functions
) are @ complete
t) to the

If fu(x) area complete normalized orthogonal system of fun

characteristic constants Ay,

Proof : We have
b
fm(x) = A'm L k(I, t) \Vm(t) dat
Multiplying (1) by k(z, x), both the sides and integrating w.r.t. X over (

[ k(2 3) fulx) dx = Ay [[ [} Kz, x) Kz, 1) w(t) dt 3

a, b), we get

18 3, [ate ) futh

m

Replacing z by x, we get
L) b
L@ =A@t (2)

Similarly
b
Ful®) = A | Ks(x, ) fult) dt

ywwwawaaamaaaﬁaaaﬂﬂasaaoi

Fol®) = M [ k(1) ful) A

In gener;al ,
@M [hE0ROd 3

Therefore, A, is the characteristit constant to k,(x,f) and f,(x) is the eigen

function of the iterated kernel k,(z, f) belonging to Ay -
it remains to prove that the iterated kernel k,(x, t) has no other characteristic

ey

Now,

constants than Ay .
We know that every fundamental function ¢(x) of k,(x,t) may be expressed as a

-

¥ e

linear combination such as

—

PP
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O(x) = Cpq fun(x) + Coafoa(x) + ... #Cor i s 4)
Let p be any other characteristic constant of the iterated kernel k,(x, t) and ¢(x) is
an eigen function belonging to p.
Then,

d=nkEyemda 5)

Let py, py, ... , b, be the nh roots of p, then, we can write p=n, [meN]

"Now, we can write

n‘.g,~(x)~=:d.>(x):+lu,-'f:k(x, £ 6 (t)dt+p.,2 j k(e ) 60 1

Jr"ui"'l‘fa'k,,;l(x', t) ¢(t)dt, [ieN] ..0...(6)

On adding these equations, we get ! .
gl(x) + 82(x) Foo + gn(x)‘= d)(x) """ (7)
Since py +pg +...... +p, =0 ' [r=1,2, ... ,n-1]

Multiplying (6) by k(z, x) and integrating with respect to x over (a, b), we get

n [ k(z, x) gi(x) dx = [ k(x, 7) o(x)dx + Ziu J; [} ke =) b (x 1) 608) dt dx

~ Multiplying (8) by p; and using definition of iterated kernel and (5) for x =z, t =X,
we get S o

i, [ k(z, 2) g,(x) dx =, RETX0 3t ¢ p? [ kol 1) b0t dt + .
| ™ [ k(2 1) 0 dt + 6(2) | 09),

From (6) and (9), we have W ) Aord? o

,u,j k(z, x) ;(x) dx = ¢»,(z) 4 PR .10 NV B R W (10)

If ¢;(x)#0, then p, is a characterlstlc constant of k(x, t) and ¢;(x) is a
fundamental function of k(#,t) belonging to p; . Therefore, there exists a value v

of m, such that p; =4, and p=Ar. Also, ¢;(x) being a fundamental function of
k(x, t) can be expressed as

0i(x) = Caa f +Cip fia b ¥ Ci fix_ ¥ { e (11)
But, ¢;(x) # 0, otherwise from (7), we gel & = 0, which is a contradiction.
Therefore TS VO j,lr e (12)
Using (11) and (12), we have

o(x) = lefml(x) + Cm2fm2(x) LETPI + Car fmr x

Hence, the iterated kernel k,(x, t) has no other characteristic constants than l,ﬁ :
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3.9 SOLUTION OF THE FREDHOLM INTEGRAL EQUATION OF '
FIRST KIND ’

Let us consider the equation

F@= [Tk po®yar e M &

where k(x, t)_is continuous, real and symmetric. %
The equation 1) has no continuous solution unless P(x) is expressed as a linear
combination of the characteristic function corresponding to the associated 4
homogeneous equatxon of second kind.

8(x) =1 [ k(x, 1) 6(1) dt . @)

Let us assume that (1) has a continuous solution, then F(x) can be expanded ina
series as follows

Fx)=> f, & (x) :a<x<b (3)

where f,= [[F@g@dx e @)

and g, is the nt characteristic function of (2).
Consider the homogeneous integral equation is

£u(x) =y [ k(x, 1) (1) dt e 5)
From (1), (3) and (5), we have e

[k, D60 dt = T, f, L kx, 1) 3,00 at
or j: k(x, ) o(t)dt = S, f gu(t)dt=0 (6) ;
or  [kpwmdt=0 7)
where $()=v(@=2h fig® (8)
which is the solution of (7).

Now, since the equation (1) contains a continuous solution, which must be of the

form (8). From (7), we can say that either it is satisfied by the trivial function (x)
=0 or it possesses infinitely many solutions.
Multiplying (7) by g,(x) and integrating w.r.t. x over (a, b), we have

! gu() | [0 kex, ) wity e dx =0

= [ve { [/ k(t, 1) 8@ dx} dt=0
S AGECLOL e
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Therefore, if the equation (7) contains a non-trivial s
must be orthogonal to all the characteristic function g,
finite then there exists infinitel i y independent
functions g, possess an infin no con
function can be simultaneously orthog

case the function ¢(x) =0 in (8)-

olution, then that solution
_If the set of functions are

functions and if the
ite complete set, then tinuous non-trivial
onal to all functions of the set. Hence, in this

NON-HOMOGENEOUS

+%,3.10 SCHMIDT'S SOLUTION OF THE
: INTEGRAL EQUATION OF SECOND KIND
[MEERUT—I997,99,2000,01,02,04,05(BP),06]

] equation of the second kind

o Consider a non-homogeneous Fredholm integra
' b
o= f@ A [k e T (1)
where k(x, t) is continuous, real and symmetric and A is not an eigen value.
Now, equation (1) can be written as
b
g - f@=r[ ke nya T ()
Then, by Hilbert-Schmidt theorem, we have
| y(x) - f(x) = >y 0 (%) a<g<h e (3)
) m=1
WE?Ere o, (x)[m=1,2,...... ] are the normalized eigen functions of homogeneous
integral equation
b
yo=Afkxoy0a T (4)
Let A, (m € N) be the corresponding eigen values of (4)
...... (5)

Also, let A # A, vmeN
(x), (m e N) are normalized, then, we have

b 0, m#n
L d)m (I) ¢n (x) dx = { 1, men (6)

(3) by ¢,,(x) and then integrating w.r.t. x from a to b, we

Since, ¢,,

Multiplying both sides of

have

[ 4(2) bux) dx = [} F(2) 8 () dz = 6,0 () dx + ...
b [ bn0) () dx + s )

Let  Cp=[ y(x) bn(x) dx

and  fo= [, f5) da(x) dx
Using (6), (8) and (9) in (7), we get
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Cm - fm =a,

Now, multiplying both sides of (1) by ¢,,(x) and then integrating w..t- X, we get
[y 02y dx = [ f(x) 4, (x) dx+ S) { [[ ke, ) y(t )dt} B (%) 4%

= = fu A YO [ M 1) 0,0 dx]

=, +xj’3yt “bkx f) d),,,()c) dx}dt

Since -, (x) is eigen function correspondmg to the exgen value A, of (4), therefore

by definition, 'we have

A, ) * e, A, 42 iz

.

O x,,.jkxwm()
S0, bu(®)= 1y [k N0, dz = 4, 'kt x) (3) dx

ie., L k(t, ) b, (x) dx = dul)

)\'I”

Put this value in (11), we get

¢m

fm 7"_[ J fm+—J ./(x ¢m
= fu . [Using (8)]
: m
From (10), we have
Cm =4, + f m

Using (13) and (14), we get

arn+fnx fm am+fm) = a,,,(l—i =
m
= m(xm A')__}“fm
i'e" m A’m - fm [A'm # A']

Put this value in (3), we get

Y- £0)= X722 0 )

5 =0+l g

m Ny~ A
From (9), we have '

= [ £t) dult) at
Put this value of f,, in (16), we get

o) = )+ AT 120 ). % 1) 4,0t
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DISCUSSION

Case I : Unique Solution : If condition (5) is satisfied, then from (15), we can find

the well defined value of a,,. Put this value of a, in (3). Hence, solution given by

(16) exists uniquely if and only if A does not take on an eigen value.

Case I1: No Solution : If A be the k™ eigen value then, let A = A and  f, %0,

, b
. Ly L f di(x)dx 20, ie, ¢,(x) is not orthogonal to f(x).

Therefore, we find that no solution exists, since the term i 0x) is not defined.
o=

Case II1 : Infinitely Many Solutions Exist : Let } = A, where A, is the k" eigen

value and also let

fi=0, i, [ f(x) b(x) dx =0
i.e, ¢4(x) is orthogonal to f(x).

Then for m = k, equation (13) gives
Ck=0+%Ck [ given A =2,]

Cy = C;, which is a trivial identity.
Therefore, from (15), the coefficient a, of §(x) in (16), which formally assumes the

form = is truly arbitrary. Hence, in this case solution (16) can be written as

follows.

)= @)+ b+ 1T g o [ k]
where A is any constant.
O  From expression (18), we can write
O ()0 (1)
R x' t; l = n m
( ) Z lm -
Here, R(x, t; A) is known as Resolvent kernel.

e

" SOLVED EXAMPLES

Tt 2

(‘_
Yo O= H [ 2yreri
Solve the following homogeneous Fredholm integral equation using Schmidt solution.

f@=Afe e f(tyar

[KANPUR-2005]



!

blerisase”
120 Integral Equations and Boundary Value Pro SNY

Salution : Here, the given integral equation is
Flxy= kjole’ e' f(t)dt
Let C= jol e' f(t) dt

Then (1) gives
f(x)=ACé
Using (1) and (2), we get
ACer=de* [[Ce)dt = ACe = %xz,c,ér (2-1)

ie, . AC{2-Me?-1)}=0
if A=0 orC=0, thenf=0. Let us assume neither C=0nor A =0.
Then the required eigen value 1 is given by

Ao 2

(" ~1)
Putting this value in (2), we get
2Ce"
f@x) == -

Hence, the required eigen function is f(x)=¢* to the corresponding eigen value

2

S gl

EXAMPLE 2

Solve the integral equation of the first kind

“0@(2{ u(x) = jol k(x, £) u(t) dt [MEERUT-1995, 96,97,98,2006(BP)]

x(1-1t), x<t
t(1-x), X >4
Solution : By proceeding in the usual
to the boundary value problem

where  k(x, t) = {

procedure, we can reduce the given problem

d*u
E;T + lu = 0 ...... (1)
with boundary conditions u(0) = 0 Podafysn . )

The solution of (1) is given by u(x) = G cos;/i -x+CysinV 1.

using given boundary conditions, we get Ci=0 and A=pnp? (G, =0)

n = nznzl n= 1’ 2, 3[
Also, the corresponding eigen functions u, (x) are given by

Therefore, the required eigen values A, are given by

u,(x) = V2 sin nnx, n=1,2,3,.... G =1 (let)

(NP g

T s
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EXAMPLE 3

Find the eigen values and eigen functions of the homogeneous integral equation

u(x) = A f k(x, 1) u(t) dt

cosx sint, 0<x<t
where  k(x, t) = { : [MEERUT-1995,96]
cost sinzx, t<x<mn
Solution : The given equation can be written as
u(x) = [ k(x, t) u(t) de + A k(x, 1) u(t) dt
- =.Xsinxj';costu(t)dt+kcosx_[: sintu(t)dt . (1)

Differentiating both sides of (1), we have
u'(x)= Acosx'[:cost u(t) dt + A sinx cosx u(x) - A sin xﬂsint u(t) dt
-\ sinx cosx u(x)
= A Cosxf(:cost u(t)dt -\ sinxj:sint u(t) dt
Again differentiating, we have
u"(x) = Au(x) - [ A sinxj(:cost u(t)dt + lcosxj:sint u(t) dt]

= w(x)-(A-1)u(x)=0
Therefore, the given integral equation reduces to the boundary value problem

wW(x)-(A-Dux)=0 e (2
with boundary conditions
u(n)=0, u'(@=0 e 3)

Now, there are following cases :

Casel:When L-1=0

Then equation (2) gives
u'(x)=0 = u(x)=Ax+B

Using the given boundary conditions, we have
A=B=0 a

-. the given integral equation has only the trivial solution.
u(x)=0, A=1. ‘

Case II: When A-1>0

Then, equation (3) gives

u(x)= Acosh J(7L_—_Dx + Bsinh \[(T—_l).x
Using boundary conditions, we get

Acosh n./(k -1) + Bsinh n,/(h -1) =0, B=0
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or A=0,B=0,%-1>0

eigen
Therefore, the given integral equation has no eigen values and hence no €lig
function.

Case IIl : When A-1<0

\

Then solution of (2) is given by

u(x)=Acos/(1- k)x+Bsin,/(1—l) X

Using boundary conditions, we get

Acosnyl-1+Bsinm/T-1=0 and BYI —1=0 —eeefB) .- B

s 2 5 E X PR E S

5 5 -;m-'.“ oyt R TN P e P WAPR e o1
o —
r B o

%

For non trivial solution of the system, we must have - ’
' 4 v
D(A) = cosn,/l A) sinm(1-2) = I-h cosadI—A =0 "
0 Ja-»x &
<. the required eigen values are ; -
n,/(l—l)=£+nn, nelZ : (
Solve for A, we get pr (r
2 ¢
A=1- ( n+ -1—) @
2) C
Therefore, from (4), we get A =0and B = 0. | {q "
which has an infinite number of non-zero solutions, y ﬁ '
Hence, the given integral equation has an infinite number of solutions of the form (ﬁ
u(x)=cos(n+%x) (Q
EXAMPLE 4 (:
Using Hilbert-Schmidt theorem, solve the Jfollowing integral equation { P
R
u(x) = (x +1)% + j_ll (xt + 222 u(t) dt [GARHWAL-2004] ‘»
Solution : Here, the givenlequaﬁon is i &
u(x)=(x+1)% + j_l (t+ 2 uyat 1 - ‘\ '3
Comparing with standard equation, we get (.\ &«
f@=G+)? and A= @) &
Firstly, we will find the eigen values and the corresponding normalized eigen | X
functions of ; ‘
1 i
u(x) = A j_l G+of)ua G &
Equation (3) can be rewritten as ’H P
1+
8
S
d O
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u =hx [ tultydtsns? [ Rut) di
s Swyde (4)
=ACx+rCx* (5)
1
where C, = Lt cu(tyat (6)
and C :jl £ . u(t) dt
2= ) ou®a (7)
from (5), we can find
ut) =ACt+0C2 (8)
. . Put this value in (6), we get '
1 X ’ t3 1 t4. 17-
C, = j_l HACHACf?)dt =  C=CA[—| +CA|—
31, 4],
2C,M
= C,="2240 o c1(1-§)+0.c2=0 ...... )
3
Similarly, from (7), we can find
1 1] Ak
C, = L P(ACyt + A Cyf?) dt = clx[z] + lCz[E]
£ -1
or C2=0+2C;2}‘ = 0.C1+(1—%)C2=0 ------ (10)
For non-trivial solution of (9) and (10), we must have
2\
-2 0 |
by =| 3, |-0 o {1;ﬁl{1-§}=0
- 3 5
5
= k=§ or J
2 2
Therefore, the required eigen values are
3 5
=2 d Ba=— e 11
A - an 253 (11)

Now, we will proceed to find the required eigen functions

(i) Corresponding to A, =% |
Putting A = A, =% in (9) and (10), we get

C1.0+0.C2=0 and 0.C1+[1"‘%.%]C2=0

On solving, we get C, =0 and C, is arbitrary.

Putting all these values in (5), the required eigen function u(x) corresponding to
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B =

N w

is given by
3
=—C
Uy (x) > X
3
Let us set —2-(?1 =1, then u(x)=x

Now, the corresponding normalized eigen function ¢,(x) is given by

$,(x) = 4 () x x

Armere LT T

- (s (12)
\/2/34'(2) -2

(ii) Corresponding to A, = g

Putting A =12, =§ in (9) and (10), we get

On solving, we get C, =0 and C, is arbitrary.
Putting these values in (5), we get

u(x) = ng.x

Let gCZ =1, then u,(x) = a2

Now, the corresponding normalized eigen function ¢,(x) is given by
Uy(x x? V10
¢a(x) = 1 2 2) 75 A i/2 = 2 (13)
[I_l{zzz(x)} dx] [J'_l x? dx}

Also, fi = [1 f(x) by(x) dx
f (r+1) (J_ )dx -——I (x* +2x+1) x dx

_YE[# 22 2T 26
2 4 3 2

|
3
nd o= [t = [ oo 2 ()

5 4 371
_V10f2 2t 2 -3 a0
2 L, 15

2 4 3

k1 s B EEREELE BE B bR RN
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From (2), =1, also A, = g- and %; = z

Hence, A # X, and X # &,. Then (1) will have a unique solution given by

u(x x) o )"i ——[ﬂ_ ¢r:l

m

I +1 i fm ¢m x + 1) + fl¢](x) + f2¢2(x)

m=1 m_ ll—l }\,2—1
{(-)J@}{J@/Z:} (2 vio | {vi0 22}
;e u(x)z(x+1)2+ ,3 + 15
3 _ . .5
el L
2" 2
= u(x):(x+l)2+4x+%x2 - Pe2reledrs o4

Hence, u(x)= %5- X +6x+1

EXAMPLE 5

Solve the following symmetric integral equation with the help of Hilbert-Schmidt theorem
u(x)=1+ XL: cos(x+t)u(t) dt

Solution : The given integral equation is

u(x)=1+lI:cos(x+t) ut)ydt (1)
Comparing (1) with the following given standard equation

u(x)= f@)+ [ k@Huyar @)
Weget f(x)=1, A=A, k(x,t)=cos(x+t) 5 s 3

Now, we will proceed to find eigen values and corresponding normalized eigen
function of

u(x) = )»j: cos(x +1) u(t) dt

...... 4)
Equation (4) can be written as
u(x) = kj: (cosx cost Zsinx sint) u(t) dt
= kcosxj:costu(l)dt—lsinxj:sintu(t)dt ...... (5)
Let  C=[costu)dt (6)
C, = I:sint u®ydt (7)

Using (6) and (7), (5) gives
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u(x)=rC;cosx-AC,sinx
= u(t)=ACycost-AC,sint
Putting the value of u(t), from (9) in (6), we get
C = Jncost(KCl cost —AC,sint) dt
)\C Cz R .
; j(1+ cos2fyidt ~ =2 josmztdt

“AG [, -sin2t]* AC .
121‘[t+ 5 v]0+ 42[c032t]0

:>» Clleln
: 2
Similarly, from (7), we get

G = I sint (AC, cost - AC,sint)dt

LI AC
=—2—ljosm2tdt— 2] 1-cos2t) dt

. =_& 0s2t]] - kC2[t_sm2t]
| 4 2 0

'i 2
| = C,=- kizn or 0.C, +(2+An)C, =0
~ For non-trivial solution of (10) and (11), we must have
2-An O _
PM=|" 0" 24an| 70
2 2
= -Am)(2+Am)=0 = A=— or -—
n T
. the required eigen values are given by M = i— Ay = _£ :
n
Now, we find the eigen function corresponding to given values

(i) Corresponding to A =1, = 2
n

Putting A =1, = = in (10) and (11), we get
s

0.C,+0C,=0 and 0. +4C,=0
On solving, we get
C,=0 and C, is arbittary.

Putting these values in (8), the required eigen function ¢, (x) is given by

b,(x) = ul(x) _ cosx cosx

[I {u1(x)} ] " [J};‘coszxd;r:ll/2 =[K1+szd

——= - 2

S S 0 SRV L SRR £ Y Al el g

(RS s

1/2
d
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= cosx cosx (2)1/2 ;
[ £ —|] cosx . 1
)(‘1_.{1+S_n'_lx‘]7§‘}l /2 \my (13)
(L2077 2L

(ii) Correspondingto A, = L
n

e 2 5
Putting A = %, = -= in (10) and (11), we get

10,406, =0 and 0., +0C, =0
On solving, we get
C, =0 and C, is arbitrary.
Now, from (8), the required eigen function ¢,(x) is given by

(x) = Uy (x) _ sinx _ sinx
Ug{uz(x)}z]l/z ['[;sinzxdx}l/z [Ion___l—c;shdx:’l/z
g B o
2 2 )],
h= If x) ¢1(x) dx —Icosx(i)l/zdx
=(%)”2[sinx];=o ...... (15) o
and fo= J.;f(x)(bz(x) dx = I:sinx(%)l/z dx
=(%)1/2(*Cosx];=2[%]1/2 ...... (16)

Here, we discuss the following cases

Case-1: Let A 2, and A # X,. Then, solution of (1) is given by

()= S0+ 3 L4 )= 0+ 0+ o )
_ Aai(®) g, 2
= u(x)—1+[(2/1:)—}.]'0+-(Z/n) - [1:] [ ] .sinx
= u(x)=1- 4;‘3“: ...... (17)

CaseIl:Let A=4, = - .Since f, # 0, therefore (1) has no solution.
s .
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