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_- --_ INTEGRAL EQUATIONS: .. : 

. OUTLIN.E 
■ Solution of Homogeneous Fredholm Integral Equation 

■ Solution of General Fredholm Integral Equation 

■ Eigen Values and Eigen Functions 

■ Orthogonality of Eigen Functions 
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EQUATION ' OF THE SECOND KIND WITH SEPARABLE (OR 
DEGENERATE)KERNEL 

[MEERUT-2001] 

Consider a homogeneous Fredholm integral equation of the second kind 

u(x) = A J: k(x, t) u(t) dt .. .... (1) 

Here, we have assumed that k(x, t) is separable, therefore, we can take 
II 

k(x, t) = IJ;(x) g;(t) . ·. . .... . (2) 
i=1 

I 

Put this value of k(x, t) in equ~tion (1), we get 

u(x) = J.. J: [ t, _(;(x) g,(l) }(t) dt = J.. t, J: f,(x) g, (t) u(t) d t 

n b 

= A~ /i(x) fa gi(t) u(t) dt .... .. (3) 

Assume that 

I: g;(t) u(t) dt = Ci (i = 1, 2, 3, ......... , n) ...... (4) 
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The de~ee of. equation (11) in A is m ~ n . Therefore, if integral equation (1) has separate kernel (2), then integral equation (1) has at most n eigenvalues. 2.2 ORTHOGONALITY AND REALITY OF EIGEN FUNCTIONS c' Two functions_ / 1 (x) and fi(x), continuous on the interval [a, b] are said to be ~ on [a, b], if 

J: /1 (x) /2(x) dx = 0 · 

/ THEOREM~l 

If k{x, t) is symmetric and lo (x) and 11 (x) are eigen functions of k(x, t) corresponding to eigen values A.0 and )..1 respectively P-o * 1..1 ] . Then lo (x) and / 1 (x) are orthogonal on [a, bl, i.e., f: /0 (x) / 1 (x) dx = 0 [MEERUT-1995,%99,2001,03,04,08 GARHWAL-2001] Proof: We have that / 0 (x) and / 1 (x) are eigenfunctions corresponding to eigen values Ao and 1,.1 [Ao * )..1 ] respectively of homogeneous Fredholm integral equation of second kind 
u(x) = "- J: k(x, t) u(t) dt 

• • • . . . (1) Since Ao and 1,.
1 

are the eigenvalues of the corresponding eigen functions f 0 (x) and /
1 

( x) , therefore, from (1 ), we can write 
Jo(x) ="-of k(x, t) f0 (t) dt 

...... (2) 
a . 

and j1 (x) = 1,.1 J: k(x, t) f1 (t) dt 
We know that the kernel k(x, t) is symmetric, therefore 

k(x, t) = k(t, x) 
Multiplying both sides of (2) by /1 (x), we get 

. ... .. (3) 

. . . . .. (4) 
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/ 1 (x) f~(x) = 'J..oj1(x) J: k(x , t) f 0(t) dt 

Integrating w.r.t. x from a to b, we get 

J: /1 (x) J0 (x) dx = "-o J: /1 (x) { J: k(x, t) f0(t) dt} dx 

= AoJ; foU) { J{ k(x, t) Ji (x) dx} 4t 

= "-o J: f0 (t ) { J: k(t, x) / 1 (x) dx} dt 

Equation (3) can be rewritten as 

Ji. (x) = "-1 I: K(x~·sr f~(s) a;-

⇒ / 1 (t) = "-1 J: k(t, s) / 1(s) dj = A1 J: k(t, x) f1(x) dx 

i.e., f
b 1 
k(t, x) / 1 (x) dx = - f1 (t) 

a A1 

Putting this value in (5), we get 

f: J, (x) / 0(x) dx ~ A0 f: f0(t) { :, / 1 (t) } dt 

- f b Jb . f b i.e., A1 a f 0(x) / 1 (x) dx = "-o a f0 (t) / 1(t) dt = A-0 a f0(x) f1(x) dx 

⇒ (A1 - A0 ) J: f0 (x) f1(x) dx = 0 

Since A1 # Ao , i.e., A1 - A0 -:t:- 0. Therefore, J: f 0(x) / 1 (x) dx = 0 

Hence, the eigenfunctions f0(x) and f1(x) are orthogonal on [a, b]. 

THEOREM-2 

111e eigen values of a symmetric kernel are real. 

. ... .. (5) 

. . .. .. (6) 

[MEERUT-1994,95,2005BP, GARHW AL-1999] 

Proof: Let 

· ·, u(±) = "A J: k(x, t) u(t) dt 

be a homogeneous Fredholm integral'equation of second kind. 
We shall show that the eigenvalues of 11, are real. 
Let if possible equation (1) has an eigenvalue Ao, which is not real. 

Therefore, we can write 

A.0 =a + i~ 

Now, let ~0(x ) = u + iv 

.... .. (1) 

...... (2) 

.. .... (3) 
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Solution of Fredholm Integral Equations 47 

ht> the corresponding eigenfunction of Ao _ Then, complex conjugate of Ao would 
necessarily be an eigenvalue corresponding to the eigenfunction ~0(x) (Complex 
conjugate of ~0 (x) ). 

Therefore, we have 

X0 = a - if} 

and ~o(x) = 11 - iv 
Now, from (1), we can deduce that 

f
l• 

$o(x) = A.0 
11 

k(x, t) ~0(t) d t 

and ~o(x) = X0 f11 
k(x, t) ~0(t) dt 

11 

. . .. .. (4) 

... ... (5) 

...... t6) 

...... f) 
. ' 

Also, k(x, t) = k(t , x) [·: k(x , t) is symmetric] - ... ... (8) 
Multiplying both sides of (6) by ~0(x) and then integrating w.r.t. x over the 
interval [a, b], we get 

Ii: ~o(x) ~0 (x) dx = A0 J'.' ~0 (x) { f: k(x, t ) ~0 (t) dt} dx 

= A0 f ~0 (t) { J: k(x , t) ~0 (x) dx} dt 

= "-o J: ~0(t) { J: k(l , x) ~0(x) dx} d t 

Equation (7) can be written as 

..... . (9) 

~ 0 (x) = X0 J: k(x, s) ~0 (s) ds = X0 J: k(t, s) ~0{s) ds = ~o J: k(t, x) ~o(x) dx 

i.e., fh - 1 - (10) k(t, x) ~0(x) dx = =- ~0(t) · · · · · · 
a "-o 

Putting this value of (10) in (9), we get 

f b ~ 0 (x) ~0 (x) dx = t..0 r ~0 (t) {} ~o(t) } di 
a a "-o 

⇒ ~o J:~0 (x) ~0 (x) dx = t..J: ~0 (t ) ~0(t) dt 

⇒ ~o s:~0 (x ) $0 (x) dx = "-o.J: ~0 (x) ~0(x) dx 

⇒ (Ao - 10) J:~0 (x) ~0(x) dx, = 0 

Using (2), (3), (4) and (5), we get , 

Ao - I0 = (a + iP)- (a - iP) = 2i~ 

and ~ 0 (x) $0(x) = (u - iv) (u + iv) 

= u2 + v2 

Putting the values of (12) in (11), we get 

2iP J: (u2 + v2
) dx = 0 

} 
. .... . (11) 

.... .. (12) 

.... .. (13) 
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Solution of Fredholm Integra l Equa tions 

Solution : The given equation can be written as 

u(x) = ').. eI J: e' u(t) dt 

Assume that C = J: e1 u(t) dt 

Then from (1), we have 
u(x) = >.. CeI 

⇒ u(t) = >.. Ce' 

Putting this value in (2), we get 

C= f:e'p.Ce1)dt = ')..C[~]
1 

= AC (e2 - 1) 
- 2 0 2 -

49 

.... .. (1) 

..... . (2) 

... ... (3) 

... . _ .. (4) 

⇒ c[1 - i(e2 - 1)] =o .: .... (5) 
If C = 0, then (3) gives u(x) = 0. We, therefore, assume that for non-zero solution 
of (1 ), C ~ 0, then (5) gives 

'- 2 1 - 2(e - 1) = 0 ⇒ 

which is an eigenvalue of (1). 

2 
A. =--

e2- 1 
...... (6) 

To find the corresponding eigenfunction, putting the value of A. [from (6)] in (3), 
we get 

C I 1, 

u(x) = -i--.eI 
e -1 ___ _ 

Hence, the eigen function, corresponding to the eigen value ~ is ex [ ·: the 
e - 1 

2C . k . ] constant - 2- IS ta en as uruty . 
e - 1 

EXAMPLE3 

Solve the homogeneaus Fredholm integral equation of the second kind 

u(x) = A J;'' sin(x + t) u(t) dt 

Solution: Here, the given i11tegral equation can be written as 

u(x) ='A.ft (sinx cosf1+ cosx sint) u(t) dt 

= ') .. sin x J:x cost u~t) dt + A cos x Jtc sin t u(t ) dt 

Let us assume 

C1 = J
0

2
x cost u(t) dt 

and C2 = J
0

2
x sin t u(t ) dt 

Using (2) and (3), (1) reduces to 

[MEERUT-2002] 

.... .. (1) 

...... (2) 

··· ··· <3) 
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u(x) = AC1 sin x + AC2 cos x 
⇒ u(t) = AC1 sint + 11. C2 co st 
Putting the value of u(t) , from (5) in (2), we get 

r 21t . 
C1 = Jo cost (A C1 sin t + AC2 cost) dt 

11. C1 r21t • AC r 2x = - 2- Jo sm2t dt + T Jo (1 + cos 2t) dt 

= 11. C1 [_ cos2t ]
2

x ; AC2 [ t-+~ in2t ] 2
11: 

2 2 0 2[ 2 0 

or _ C1 == 0_,+ AC~,~-_ or C1 - 11. rr_C2 = 0 
SimilarlyArom (3), \Ve -get 

C2 == f
0

2
ns in t p .. C1 s int+11.C2 cost)dt 

== 11.C1 fn(l - cos2t)dt+"-C2 f2\in2tdt 2 o 2 Jo 

= 1i.C1 [t - sin2t ]
2

,i + ti.C2 [- cos2t ]2n 
2 2 0 2 2 0 

···· · ·<4) 
... . .. (5) 

or C2 == 1..C11t or 11. 1t C1 -C2 = 0 ...... (7) 
(6) and (7) gives the system of linear homogeneous equations for determination of 
C1 and· C2 . For non-zero solution, we must have 

l }7t -_\ 7t l = 0 

⇒ -1 + 11. 2rr2 = 0 ⇒ 11. = ± .!_ 
7t 

1 1 Therefore, the required eigen values are given by ti.1 = - and A-
2 

= - -

Determination of Eigen Function 
1 (1) For A = 11.1 = -
7t 

Putting A = ! in (6) and (7), we get 
7t 

Ci - C2 = 0 

C1 -C2 = 0 

which implies, C1 = C2 • Therefore,\from (4), we have 

l e . le C1(. ) u(x) =- 1 smx + - 1 cosx= - smx + cosx 
7t 1t 1t 

7t 7t 

Let Ci = 1 . Hence, the required eigen function is given by 
1C 

U1 ( X) = (Sin X + COS X) 

.. .. .. (9) 

·· ···· <10) 

... ... (11) 
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(2) For }... = ).
2 

= _ _! C '- , . ' 
. l ~, 

7t I l ( _j.., 

Putting }... = _ ,! in (6) and (7), we·get 
7t 

c1 + c2 = o 
and c1 + c2 = o 
which implies, C1 = - C2 • Therefore, from (4), we have 

u(x ) = -;C1 s inx + ( - ;) (-C1 )c~sx = ( - ~1
) (sinx - cosx) 

Takin~ ( - ~
1 

) = 1, th~ r~quired eigen -~~c~_?n_ is given by 

u2 (x) = sinx - cosx 

EXAMPLE 4 

Find the eigen values and eigenfunctions of the homogeneous integral equation 

u(x) = "- foll ( cos2 x cos 2t + cos 3x cos3 t) u(t) d t 

··· ···(12) 
.... .. (13) 

[MEERUT-1998, 2000, 01, 03,06(BP), 07(BP),08, GARHW AL-2004, KANPUR-2005) 
Solution : Here, the given equation can be written as 

u(x ) = A cos2 x f
0

1

'( cos 2tu(t) dt + A cos 3x f
0

11 

cos3 t u(t) d t 

Let us assume 

C1 = J
0
it cos 2t u(t) dt 

C2 = foll cos3 t u(t) dt 

Using (2) and (3), (1) gives 

u(x) = A cl cos2 
X + AC2 cos 3x 

⇒ u(t) = A cl cos2 t + AC2 cos 3t 

Putting this value of u(t) in (2),·we get 

C1 = foll cos 2t (AC1 cos~ t + AC2 cos3t) dt 

⇒ C1 [ 1 - A J
0
" cos 2t cos2 

t ~t ]-, AC2 J0" cos 2t cos :t dt = 0 

V ~( I = 11 '-,, = 12 

rn 2 ( " . [ 1 + cos 2t] Let 11 = Jo cos 2t cos t dt = Jo cos2t 
2 

dt 

= _!_ rx cos 2t dt + ]:_ '"( l + cos 41 ) dt 
2 Jo 2 Jo 2 

\ 

.•. ... (1) 

..... . (2) 

... ... (3) 

. ..... (4) 

...... (5) 

. ..... (6) 



I 
I 
I 

t 
l 
' 

;, 

, . 
: J• 

t)H~tr\·-'•H~IJ ~v •v-~!T·r •• -· • •- - _ -~~ . . 
~~'t) \\\~~~~ '• 9.~ ..... ,, .~ ~~l\V...,.1" 

Y...\~~ olui:i'~ ·,\"".~ \w.,~ i!'i'lt; 52 
.,C>fJ '\ti - \'\\:)W~ ral Equations and Boundary Value Problems 

= o+.!.[t +~]
11 

= ~ 
4 4 0 4 

Also, 
12 = J; cos2tcos3tdt = ½ J:[ cosSt + cost]dt 

1 [ sin5t ]x = 2 -
5

- + sint 
O 

= 0 

Putting ~e values of 11 and 12 in (6), we g~t_ , ~~- _ 
, . c, ( 1 - ).47t ) - 0 .c, = O • , .. ,cJ· . 

- --r,-
Similarly, using (5), (3)' gives C2 = J: cos3 t(1..C

1 
cos2 t + 1..C

2 
cos 3t) dt 

⇒ A c l J: COSS t d t + C2 [ A. J: cos3 t cos 3t d t - 1] = 0 

Now, since coss (1t - t) = - coss t , therefore J; coss t d t = O 

Also, J: cos
3 

t cos 3t dt = ¾ J: cos 3t (cos 3t + 3cost) dt 

1 1x 2 3 1• = - cos 3tdt+- cos 3t cos td t 4 0 4 0 

= _! rx 1 + cos 6t dt + ~ ~,~ -'.OS 4t ±cost dt 4 Jo 2 4 Jo 2 

l[t sin6t ] x 3 [ s in 4t . t]lt = - +-- +- --+sin = 8 6 0 8 4 0 

Therefore, f: cos3 t cos 3t dt = ; 

Using (9) and (10), (8) gives 

0 .C1 + C2 ( ')...t - 1 ) = 0 

1t 
8 

, I 

'· 

-.: ...... (7) 

...... (8) 

... ... (9) 

..... . (10) 

or o.cl + C2 ( 1- A.81t) = 0 
... .. . (11) 

For non-zero solution of the system of equations (7) and (11), we must have 

or 

1- A1t 0 
1! 

0 1 - A1t 
8 

=O 

( 1 - "; ) ( 1 - "8" ) = o ⇒ 4 8 11.=- or 
1t 1t 

Hence, the eigert values of (1) are given by 
ii.1 = 4 / re and 11.2 = 8 I 1t ··· ·· .(12) 



Solution of Fredholm Integral Equations 

Determination of Eigen function 

(1) For ). = ).1 = 4 / re 

Puttin 4 · g A= A1 = - m (7) and (11), we have 
7t 

o.c1 + o.c2 = o 
1 o-.c1 - ...;..c2 

= o 
2 -

and 

On s~lving,-~e get C2 = O and C
1 

is arbitrary. 

Putting these values in (4), we get 

.u(x) = ).C1 cos2 x = i C1 cos2 x 
. 7t 

53 

...... (13) 

...... (14) 

Setting i C1 = 1 , the required eigen function corresponding to "- = i is given by 
7t 7t 

u1 (x) = cos2 x 

(2) For A = A.2 = 8 / 1t 

Putting A= 1..2 = ~ in (7) and (11), we have 
1t 

- C1 + 0.C2 = 0 

and 

_ On solving, we get _ 

C1 = 0 and C2 is arbitrary. 

Therefore, from (4), we have 

u(x) = A- C2 cos3x = ~C2 cos3x 
7t 

...... (15) 

...... (16) 

Setting ~ C2 = 1 , the required eigen function corresponding to A = ~ is given by 
1t 7t 

u2(x) = cos 3x 

EXAMPLES 

Find the eigen values and eigen fu ncqons of the homogeneous integral equation 
1 ; 

u(x) = A J_
1 

(5xt3 + 4x2t + 3tx) u(t) dt [MEERUT-1999, GARHWAL-1999] 

Solution : Here, the given equation can be written as 

u(x) = 5Ax f
1 

t3u(t) dt + 4x2A fit u(t) dt + 3xA f
1 
t u(t) dt 

= 5xA f
1 
t3u(t) dt + (4.t2 + 3x) A fi t.u(t) dt ...... (1) 

Let us assume !! 
Ii( 

1·/ j 
/.!~ 
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V I e problems 

Integral Equations ond Boundary O u . 

C1 = f
1 

t3 u(t) dt 

and C2 = rl t u(t) dt 

Then, (1) gives 

u(x) = 5AxC1 + AC2(4x2 + 3x) 

⇒ u(t) ~ ~~AtC:1 +_ A_C2 (4t2 + 3t) 

Putting this value of u(t) in (2), we get 

C1 = ( 1_{'_( 5A. C1t_ + A C2~4t2 + 3t) ] dt 

. ~ sic,[1; [ +A~2[4(1:)+3{ 1:JL -nc, +~Ac,·· 
r 

⇒ C1 (1 - 2A) - - ,._ C2 = 0 
5 

Similarly, putting the value of u(t) in (3), we get 

C2 = f/ [ 5A. C1t + AC2(4t2 + 3t)] dt 

⇒ 

For non-zero solution of (6) and (7), we must have 

6 
1 -2A. --A. 

5 -0 
10 -

--A 1-2A 
3 

⇒ 

Determination of Eigen function 

Putting A= .!. in (6) and (7), we have 
4 

1 3 
-C1 - - C2 =0 
2 10 

5 1 
and --C1 +-C2 = 0 

6 2 
On solvin~ we get 

3 
C1 =-C2 

5 
Putting A= 1 / 4 and using (10), equation (4) becomes 

······<2) 

··· ·· ·<3) 

····· ·<4) 

···· ·· @) 

··· ···<6) 

...... (7) 

.. ... . (8) 

.. . ... (9) 

·· ····<10) 
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Solution of Fredholm Integral Equations 

u(x) = s.¼( ¾c2 ) X + ¼C2 (4x 2 + 3x) = C2 ( x2 + ¾ X) 

Setting C2 = 1 , we have u(x) = x2 + f x which is the required eigenfunction . 

EXAMPLE6 

55 

'W) 
~ ~~Determine the eigei: values and eigenfunctions of the homogeneous integral equation 

~ :•. u(x.)·= _'A. f
0
- k(x,t) u,(t) dt 

~ ,:~-: _ · : {. x(t - 1) , b s x s t 
['8 where k(x, t) = _ [GARHWAL-1999] 

· · - . t(x - 1), t s x s l 

, Solution : Here, we have 

,,, u(x) = "A. J: k(x, t) u(t) dt ... ... (1) 
. r•} { x(t - 1), Osxst 

I
~ where k(x, t) = 

t(x - 1), t S X S 1 ,.~ 
J. ~) Equation (1) can be written as r-., [ 1 ] l~,I · u(x) ~ 1,. J: k(x, t) u(t) dt + J, k(x, t) u(t) dt 

IJ -a = I: "A.t(x -1) u(t) dt + I: t.. x(t - . 1) u(t) dt -
I 

... ... (2) 

...... (3) 

t~a Differentiating (3) w.r.t. x and using Leibnitz's rule, we get .\ u 1(x) = J: Al u(t) dt + 1..x(x -1) u(x)-0 + J.: 1..(t -1) u(t) dt + 0 - 1..x(x -1) u(x) 

~ 
~ 
' 

~ 
~ 

~ 
~ 
rd'. 
-4 
~ _, 
~ 
~ 

~ 

⇒ u ' (x) = J: Al u(t) dt + J>.(t - 1) u(t) dt .... .. (4) 

Now, differentiating (4) w.r.t. x and using Leibnitz's rule as above, we get 
u"(x ) = 0 + 1..x u(x) - 0 + 0 + 0 - t..(x -1) u(x) 

⇒ u"(x) - A u(x) = 0 

Putting x = 0 and x = 1 successively in (3), we get 

u(O) = 0 and u(l) = 0 

...... (5) 

.. .... (6) 

Now, we shall solve (5) with boundary conditions (6) 'to find the eigenvalues and 
eigen functions. 
Now, there are following cases. 

(i) A = 0 
Put A = 0 in (5), we get u•(x) = 0 

The general solution of the above equation is 

I• 



i ' \· 

1: 

,.I 
,1 I 

iJ 
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u(x) = Ax+ B 

Now using (6), we get 

O= B 

and O= A+B 

⇒ A = B=O 

...... (7) 

· ·· · ··(8) 

·· · · · ·(9) 

Ther~fo_re (7) impli~ _u(x) = 0 which is not an eigen ~~ti~~ an~- ther~~ore A = O 
is nof an eig~I;l yaJue.· 
(ii) A = µ 2 (µ :;t: 0) -

Put A =~µ2 in _(S), we g~tu•(x)-~,-µ2- u(-x}.= 0. --

whose general solution is given by 
u(x) = Aeµx + Be-ia 

Now putting x = 0 and x = 1 in (10) and using (6), we get 
O= A + B ·, I · 

and O = Aeµ + Be-µ ...... (12) 

On solving, we get A = B = 0. Therefore)R gives u(x) = 0, which is ~ot an ~~gen 
function and therefore, A = µ 2 does not give eigen values. · ' r 

1 

• 

. (iii) A= -µ2 (µ :;t: O) __ :·~- --'- -

Put "A.= -µ2 in (5), we get u"(x) + µ2 u(x) = 0. 

whose general solution is given by 
u(x) = Acos µx + Bsinµ x 

Now pu tting x = 0 and x = 1 in (13) and using (6), we get 

O= A 

and O = A cos µ + Bsinµ 

On solving (14) and (15), we get A = 0 and Bs inµ = 0. 

But B :;t: 0 [ ·: B = 0 and A = 0, again we shall not get an eigen function]. 
Therefore, (15) gives 

sinµ = 0 ⇒ µ =mt, n e ~ 

⇒ The required eigenvalues are giyen by 
, ~ 2 22 N 1\.11 = I\. = - µ = - n 1t , n e 

Also, from (13), the correspo~ding eigenfunctions are given by 
u

11
(x ) = Bsin mtx [·: A = O, µ =mt] 

or u,, (x ) = s i nnxx [Setting B = 1] 

,vhich is the required eigen function. 

... .. . (13) 

. .. . . . (14) 

... .. . (15) 
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' .~ 
I • ,r .~ 

' .., ,. 
~ 

' '<j r 
r: r 
fr 
~ 
-~ 

ls>-,-
~ -

,~ -~ 

~ 
~ 
~ 

F-
f • 
..;; 

(~ 

~ \ . 

' ~ k , 
, __ 
\. ,_ 
~ 
~ 
~ 
~ 
t~ 
'vfk t,. 
tf!/t: 
<1')r 



⇒ 

Solution of Fredholm Integral Equa tions 

EXAMPLE7 

Determine the eigen values and eigenfunctions of the homogeneous equation 

u(x) = ). f
0
n k(x, t) u(t) dt 

57 

where k(x, t) = . 
{ 

cos x sint; 

cost s1n x ; 

Osx s t 

t s x51t 
{MEERUT-1999, GARHW AL-2002) 

Solution : Here, given that 

u(x) = A f
0
n k(x, t) u(t ) d t 

where k(x, t ) = - - -- - - -.- - {- cosx's int ; Dsx s t 

- costsinx ;. :: t s x s 1t 

Equation (1) can be written as 

u(x) =). [ fox k(x, t) u(t) d t + r k(x, t) u(t) d t ] 

⇒ u(x ) = f~r (11, cos t s in x) u(t ) d t + f (A cos x s in t) u(t ) dt 

Differentiating (3) w.r. t. x, we get 

u'(x) = !!:_ rx (11,cost sin x) u(t) d t + !!:_ f l[ _(A-e-e sx sint) u(t) dt 
dxk - dx x 

= J: a: { A cost si~ ~~(t)} d!_+_~ c_os x sin~ ~(x)_: ~

-A. cos O sin x u(O) dO + fl[~ p .. cos x sin t u(t)} dt 
dx X ax 

. .. . . . (3) 

+ ).cosx sin 1t u(1t) dn -Acosx sin x u(x) d1t [By Leibnitz's rule] 
- dx dx 

= f01[ (A cost cosx) u(t) dt~~ Acosx sinx u(x) 

+ fx" (-lsinxsint)u(t)dt-Acosxsinx u(x) 

u '(x) = fo\A cost cos ~J_u(t) dt - r (A sin X sin t) u(t) dt ...... (4) 

Differentia ting (4) w.r.t. x, we g~ 

• ) d rx d flt 
u (x = -d Jo (1..cost cosx) u(t) dt-- {lsinx sint) u(t) dt 

x : dx r 

_ r-r o dx dO 
- Jo a( ACOSt cosx u(t)} dt + Acos2 X u(x)- -AcosO cos·x u(O)-

x dx dx 

-[ J:: p.sin x sin t u(t) j di+ A sin x sin n u(n) dn _ A sin2 x u(x) dx ] 
x dx dx 

= -J0r (A cost sinx) u(t) dt + Acos2 x u(x) 
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-J: (lcosx sint) u(t) dt + A.sin2 x u(x) 

= ). u(x) - [ J: (A. cost sinx) u(t) dt + J: (A cosx sint) u(t) dt] 

= A. u(x) - u(x) [Using (3)) 
⇒ u•(x) - (A. - 1) u(x) = 0 ...... (5) 
Now, _putting x = 1t in (3) and x ~ 0 in (4), we get 

u(1t) = 0 

and ~ '(O) = __ O 

.. :.-.. (6) 

······(V 
-Now, we: find the.eigenvalues and corresponding function$. ·There are [ori-8:wing 
three cases that arise : · 

(i) A. - 1 = 0 , i.e., A = 1 
Put ). = 1 in (5), we get uw(x) = O. 

whose general solution is given by 
u(x) = Ax + B 

⇒ u ' (x) = A 

Putting x = 1t in (8) and using (6), we get 
0 == A1t + B 

Similarly, pq.tting x =; 0 in (9) and using (7), we get 
0 = A 

On solving (10) and (11), we get A = 0, B = 0 . 

...... (8) 

...... (9) 

...... (10) 

...... (11) 

⇒ u(x) = 0, which is not an eigenfunction and hence 'A.= 1 is not an eigen 
value. 

(ii) 1w - 1 = µ 2 (µ ;t 0) 

Put A. -1 = µ2 in (5), we get uw(x)- µ2 u(x) = 0. 
w hose general solution is given by 

⇒ 

Now, 

u(x) = Aeµx + Be-µx 

u ' (x) = Aµeµx - Bµe-µ.r 

u(1t) = 0 ⇒ 0 = Ae'111 + BJ-µ1t 

u ' (0) = 0 ⇒ 0 = Aµ - Bµ 

Solving (14) and (15), we get A= B = 0. 

···· ··(12) 

·· ····<13) 

. ... .. (14) 

...... (15) 

⇒ u(x) = o , which is again not an eigen function and hence A = 1 + µ 2 is not an 
eigen value . 

\ 
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Solution of Fredholm Integral Equations 

(iii) ;I., - 1 = - µ 2 (µ :t: O) 

Put A - 1 = - µ 2 in (5), we get u"(x) + µ 2 u(x) = 0 . 
whose general solution is given by 

⇒ 

Now, 

u(x) = A cosµx + Bsinµr 

u '(x) = - Aµsinµx + Bµcosµ x 

u(n) = 0 ⇒ 

u'(~) = O ⇒ 

A cos µrr -t Bsjnµrr = 0 
B = o- - - -----·- µ - -

59 

...... (16) 

. . . . . . (17) 

-- .: .. .. _. (18) --
- . . 

..... ~.(19) :_: 
-- --

Now, we must take A -:t: 0, otherwise A= 0 = B giv_~s ~{~) = 0 as bef~re. 
Hence, (19) gives cosµrr = o·., 
, • · - r - - .~ - - -' 7[ , · ,_ -, --- ,' , '-, ·(· ;c.-1)-~-
⇒ - -- 'µn = (2n + 1) 2 ⇒ • . :µ= : iz+2 . . 

But ). - 1 = -µ 2 ⇒ A= 1 - µ2 

Therefore, the eigen values are given by 

\ 1 = 1 - µ 
2 = 1 - ( n + ¾) 

2 

N ow, p utting B = O and µ = ( n ~ f ) in (16), the corresponding eigen functions 

u11 ( x) are given by 

u11 (x) = A cos( n +f )~ : 
which is the required eigen function. 

EXAMPLES 

[Setting A = 1] 

Detem iine the eigen values and eigen functions of the homogeneous integral equation 

u(x) = ). J
0

1 
k(x, t) u(t) dt 

{ 

f(X + 1) ; 0 ~ X ~ f 
where, k(x t) = 

, x(f + 1); f ~ X ~ 1 [GARHW AL-2000] 

Solution : H ere, the given integral equation is 

u(x) = A J
0

1 
k(x, t) u(t) dt , ..... . (1) -~ { 
l (x + 1) ; 0 5 X 5 l 

where, k(x t) = 
' x(t + 1) ; t 5 x 5 1 . .... . (2) 

' f 
Pi 

Equation (1) can be wri tten as 

u(x) = J..[ r k(x, t) u(t) dt + fx1 k(x, t) u(t) dt] 

⇒ u(x) = r (J. x(t + 1) u(t) dt + L1 }..t(x + 1) u(t) dt ... ... (3) 

) 
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Solution of Fredholm Integral Equa tions 

eigen value, 

(ii) J... = µ 2 (µ 7 0) 

Put J... = µ 2 in (5), we get 

The general solution of the above equation is 

u(x) = A~x + Be-µx 

⇒ u '(x) = Aµeµx - Bµe-µx 

⇒ u(O) = A-+B and u'(O) = Aµ - Bµ - -

Therefore, from {10), we get A + B = A,:r - Bµ . 

: ⇒ -: -:: . A p - µ):+:B(1 + µ) = -0 · 

Putting x = 1 in {17) and (18), we get 

u(1) = A eµ + Be-µ and u ' (1) = Aµeµ - Bµe-µ 

The ref ore, from (11 ), we get 

Aeµ + Be-µ = Aµeµ - Bµe-µ 

⇒ A eµ(1 - µ) + Be-µ (1 + µ) = 0 

Now, for non-trivial solution of (19) and (20), we must have · 

-I 1-µ 1+µ /=o 
eµ(l - µ) e-µ(1 + µ) 

⇒ (1 - µ)(1-+ µ)e-µ - (1 - µ){l + µ) eµ = 0 

⇒ (1- µ)(1+µ)(eµ-e- µ. )=0 

⇒ 2(1 -µ)(l+µ)s inhµ=O 

µ # 0 ⇒ si nh µ # 0 . Therefore, from (21), we have (1- µ) (1 + µ) = O. 

⇒ µ = 1 and µ = -1 

When µ = 1 , (19) and (20) gives 

A. 0+2.B= O and A.0 +2Be-1 =0 

⇒ B = 0 and A is an arbitrary constant. 

Therefore, (1 7) reduces to 

u(x) = Aex 

When µ = -1, (19) and (20) giv~ 

2A +B.0=0 } ' 

and 2A e + B. 0 = 0 

⇒ A = 0 and B is an arbitrary constant. 

Therefore, (17) reduces to 

u(x)-=i- Bex 

61 

·· · ••.•<17). 

.. .. . ~(18) : 

..... ~(19) 

... . .. (20) 

...... (21) 

···· ··<22) 

····· ·<23) 

... ... (24) 

.. .. . . (25) 

Now setting A = 1 in (23) and B = 1 in (25), the required eigen function is er which 

I 
l ' ,,I 

~1 
k 
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correspond to eigenvalue A= µ2 = (1)2 = (- 1)2 = 1. 

(iii) "- = - µ 2 (µ .t 0) 

Put A= -µ2 in (5), we get u"(x) + µ2 u(x) = O. 

The general solution of the above equation is 

u(x) = Acosµx + Bsinµx 

⇒ · u'(x) ~ - Aµs _inµx ~_Bµ cosµx 

Pu~g ~ = 0 in (26) qn~ (27), we get u(O) = A and u '(0) = Bµ. · 

Therefore, fr9m,.(.l0), we get . 
~ . . . . ,, . 

'A ;;;Bk . 

Putting x = 1 in (26) and (27), we get 

u(l) = A cosµ + Bsinµ and u' (l) =- Aµsi n µ + Bµ cos µ 

Therefore, (11) gives 

A cos µ + Bs inµ = -Aµ si nµ + Bµ cos µ 

Using (28) in (29), we get 

Bµ co s µ + B sinµ= -Bµ 2 sinµ+ Bµ cosµ 

⇒ B(l + µ2
) sin µ = 0 

But B :t: 0; 

····· ·<26) 

··· ···<27) 

. ...... (28) 

·· ···· <29) 

..... . (30) 

Again (1 + µ2
) :t: 0, for otherwise 1 + µ2 = 0 would give µ2 = -1 which is not 

possible as it is real and therefore µ 2 can not be negative. 

Now (30) gives s inµ= 0. 

⇒ µ = nn; n EN 

Therefore, '}.. = - µ2 = -n2n2
, n EN 

Putting µ = nn and A = Bµ in (26), we get 

u(x) = Bµ cos nnx + B sin nnx = B(µ cos nnx + s in mtX) 

Setting B = 1, we get u(x) =µcos nnx + sin nnx. 

which is the required eigen function. 

EXAMPLE9 

Determine the eigen values and corfesponding-figen fundions of the homogeneous integral 

~~~n \ 
\ 

u(x) = ).. ft( xt + x\) u(t) dt 

Solution : Here, we have 
[MEERUT-1997, 98, 2005BP, 06, GARHW AL-1999] 



_Solution of Fredholm Integral Equations 

u(x)= Ar( xt + :t )u(t)dt 

which can be written as 

u(x) = Ax J2 t u(t) dt + !:_ J2 
.:!.u(t) dt 1 X 1 t 

Let us assume 

C1 = (t u(t)dt _ 

and C2 = f2 ! u(t) dt 
1 t 

Putting these values in (1 ), we get "· 

u(x) = AC
1x + AC2 

X 

⇒ u(t) = AC
1t + A.Ci 

t 
Putting this v:ilue of u(t) in (2), we get 

C1 = ( t( AC1t + "'~2
) di 

or 

Similarly, putting the value of u(t), from (5), in (3), we get 

C = f 2 ! ( AC t + "- C2 
) d t 2 1 t 1 t 

2 · 

⇒ C2 = AC1 [ I J: + AC2 [ ~a = A C1(2-1) + AC2 (-½ + 1) 
-AC1 +( 1-½A)c2 =_0 

For non-zero solution of (6) and (7), we must have 
7 1--A -A 
3 

- A 
1 1--A 
2 

= 0 

⇒ (1-i1,,)(1-½A)-A2 =0 ⇒ A2 -17A+6=0 
i.e., 

A= 17 ± ✓(17)2 - 24 = _!_(17 ± ✓265) 
2 2 

Hence, the required eigen values are given by 

63 

.. .. .. (1) 

... .. . (2)_·· 

.... .. (3) 

..... . (4) 

...... (5) 

.... .. (6) 

.. .... (7) 
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64 Integral Equations and Boundary 

and 

A.1 = ~(17 + ✓265) = 16.6394 
2 

A.2 = ~ (17 - ✓265) = 0.3606 
2 . 

Determination of Eigen Function 

(i) For A= A-1 = 16.6394 

} 

Putting A= A-1 = 16.6394 in (6) and (7), we get 

, ,J 1- ~ (16.f394) 1 c, .: .!6.63;4c, ~. o 

- 16.6394C1 + ( 1 - ½(16.6394) )c2 = 0 

\ { 

' 

Value problems 

.... .. (8) 

.. . .. . (9) 

. ... .. (10) 

On solving (9) and (10), we get (11) 
C

2 
= - 2.2732 C1 · · · · . . 

Therefore, from (4), the eigen function u
1
(x) corresponding to the eigen value 

"- = t..1 = 16. 6394 is given by 

"-u1 (x) = AC1x + -(-2.2732Ci) 
X 

⇒ u1(x) = AC1 [ (x-2.2732~] = [ x-2.2732( ~)] (Setting 16.6394 C1 = 1) 

which is the required eigen function. 
(ii) For A= ,.,2 = 0.3606 
Putting A= A.2 = 0.3606 in (6) and (7), we get 

[ 1-i (0.3606)] C1 - 0.3606C2 = 0 

and - 0. 3606C1 +( 1-½(0.3606) )cl =0 

On solving (12) and (13), we get 
C2 = 0.4399 C1 

... .. . (12) 

... . .. (13) 

... . .. (14) 
Therefore, from (4), the eigen function u2(x) corresponding to the eigen value 
'A = A2 = 0.3606 is given by 

u2(x) = A.C1x + -; (0.4399 C1) = A cl [ X + 0.4399( ~)] 

= [ x + 0.4399( ~)] '.. (Setting 0.3606 C1 = 1) 

which is the required eigen function. 

EXAMPLEl O 

Shaw that the homogeneous integral equation 

u(x) = A f (t✓x - x✓t ) u(t) dt does not have real eigen values and eigenfunctio o ns. 

-
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Solution of Fredholm lntegml Equations 

Solutioi1: Here, the given equation can be written as 

u(x) = A✓x s: t u(t) dt - lx r: ✓t u(t) dt 

Let us assume 

cl = r: t u(t) dt 

and C2 = f: ✓t u(tJ dt 

-Putting-these· values in (l); we g~t 

-- - · _E (xY = AC
1 
✓x - 1,.C

2
x 

-⇒ : ·-· --u(t) ~ Xc~·-Jt; ici -
Putting this value of u(t) in (2), we get 

⇒ ( 1 - 251,. ) C1 + ½ C2 = 0 

Now, putting the values of u(t) from (5) in (3), we get 

C2 = J: ✓t(A C1✓t -AC2t) dt 

-- [ t2] 
1 

[ ts I 2 ] 
1 

[ t2 ] 
1 

[ ts /2 ] 
1 

= "'C1 - - A C2 - = A C1 - - A ~2 -
2 0 5/ 2 0 2 0 5 / 2 0 

⇒ 

-
For non-zero solution of (6) and (7), we must have 

⇒ 

⇒ 

1- ~ ts !: 
D(),) = 5 3 = 0 

_!: l+ ~ts 
2 S ·_ 

( 1-¾A)( l+¾A )+1 =0 ⇒ 
'A. 2 + 150 = 0 ⇒ ·A =± i./150 

'-2 
1+-=0 

150 
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······(1) 

...... (2) 

... _ ... (3) 

., ... . (4) 

.;J ... (Sf -

.. .... (6) 

..... . (7) 

sh<?wing that D(A) * 0 for any real value of ').. . Hence, the system of equation (6) 
and (7) has unique solution Ci= C2 = 0, V real ')... Therefore, from (4), u(x) = 0 is 
the only solution. Hence, the_ given equation does not have real eigpt values and 
eigen functions. \ , 
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. I e Problems 

Integral Equations and Boundary Va u 

(iv) Eigenvalues and eigen functions do not exist 

(v) There are no real number and real eigen functions 

(vi) A=!, u(x) = sin x 
7t 

2 8 . 2 

(i) ). = - 3, - 3, u(x) = x - 2x (ii) A= - , u(x) = sin x 
n- 2 (4) 

_(iii) A~ _1/2, u(x)_= (l) x· + ( lO) x2 

- t 2 - -3 - _ 

(iv) Eigenvalues and eigenfunctions do not exist 

- . ·-- - . , . . . ~ ' . . 2 ~~ - - - - -

(5) · ' _ (i) • A,,-= 4n - ·1, u,;{:r) =si.n-2nx;·n ~ 1, 2, 3,.·.·. · . 
- - - · -·- ·- •-' ~-

- - ·: . (~) I A.,,-- ~ -~{½-}i°;;-~n(i) ;~~;;,,i + ~~~:o s ~n! 

(6) 

(iii) A,, = ( n + ½ r. cosh 1; un(x) = s in µ,, (n + x) , 11 = 1, 2, 3, . · · · 

(iv) A,, =( n + ½r- 1,u,, (x) = sin( n+½)x,n = l,2,3, ... 

A,~ =-1 - µ,~, un(x) = sin µ,,, n =l, 2, 3, .. .. 

I i 

\\<~ 2.3 FREDHOLM INTEGRAL EQUATION WITH SEPARABLE 

i'\ _ __ K::....::=E.:.....:R.:.....:N=E=-L---------------
--=-= 

u 
[MEERUT-1997, 2000, 01, 05] 

Consider the Fredliolm integral equation ofsecond kind is given by 

u(x) = F(x) + AJ: k(x, t) u(t) dt 

The separable kernel k(x, t) can be written as 

n 

k(x, t) = I f;(x) g;(t) 
i=l 

Put this value in (1), we get 

u(x) - F(x) + A J: [ t, f;(x) g;(t)] u(t) dt 

n J~ 
= F(x) + A I f;(x) g;(t) u(t) dt , 

i=1 a r,<,_c · ' 

~ -r,r r c,, 

Let 
. l} [.\ ( . < 

US asSUffie . . : r•ll ,t V . :· -

' r;.(/'' . i ' 

J: g;(t) u(t) dt = C; .,,, J '-P i e N 

Then from (3), we have 
n 

u(x) = F(x) +AI C;f;(x) 
. i=l 

.. .... (1) 

.. ... . (2) 

.. .. .. (3) 

.. .. .. (4) 

... .. . (5) 

'"To find ilie solution of the given equation (1), in the form ·of (5), we should find the 

value of constants C; . 



Solution o f Fredholm Integral Equations 

Now, multiplying (5) successively by g1(x) , g2 (x), ...... , g,,(x) and integrating over 

(a, b), we get 

/.De~ e 

J: gt (x) u(x) dx == J: g1 (x) F(x) dx + A~ C; J: g1 (x ) J; (x) dx 

b b II b L g2 (x) u(x) dx == L g2(x) F(x) dx + I\ r C; L g2(x) J;(x) dx 
~ 1=1 

: 

b b II b 

.·. ,fa g" (x) lf (x) d-i = L g,, (x)_F(x) dx + A~ C; fa g,, (x) J; (x) dx_ 

ai; = J: gi (x ) J; (x ) dx 

f3i = J: gj(x) F(x) dx 

(i, j EN) 

(j E N) 

Putting these values in (6), we get 
II 

cl == f31 + AI C;ali = 131 + A( C1a11 + C2a12 + ..... . + C/laln] 
i=I 

⇒ (1- Aa11 ) C1 - Aa12 C2 - . .. . . . - Aa111C11 = f31 

Similarly, we can solve (7) and (8). 

Therefore, we get the following system of linear equations. 

(1 - Aa11 )C1 - Aa12C2 - ..... . - Aa111C,, = f31 

-Aa21 C1 + (1 - ).a22 )C2 - .. .. .. - Aa211C11 = 132 

-Aa,, 1C1 - Aa ,,2C2 - .. . ... ( 1- Aa,111 ) C,, == f3 11 

Therefore, the d eterminant of D().) of this system is given by 

D().) = 

-ACX,,1 

-;Aa12 

1-"- Aa22 
' ' : 

which is a polynomial in ).. of d~gree JJ. 

Now, there are following cases : 

(1 - A.a,,,,) 

.. . . . . (6) 

...... (7) 

... .. :.(8) 

.. .. .. (9) 

... ... (10) 

. .. ... (11) 

... ... (12) 

. ... .. (13) 

. .... . (14) 

Case I: When at least one right member of the system (11) ...... (13) is non-zero. 

~ <1. \<\ Here, we have the following two situations: 

tl W/~ If D(A.) :1; 0 : In this case, a unique non-zero solution of the system 

(11) .... .. (13) exists and therefore (1) has a unique non-zero solution given 
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11( \) .l I· A I: ( 1 -I .l f /) 11(1) d I ...... ( 1) 

Equation (1) can be written as 

u(x) = x + )..[ (1 + x) J0
1

11(1) dt + J; I ll(t) di ] 

= x + l[ (1 + x)C1 + C2 J •·:··· (2) 

h fl ( 1 . . IJ I .:\ ' I f (3\ 
w ere C1 = Jo u(t) dt and C2 = Jot u(t) di , ( · i , .. • .. . , 

t ' I 
Using (2) and.(3), we get 1 ( J; 

c, = Cr, + 1. u1 + ,i c, + c, 1 1 a, =? (1 -A { 0 -1 1-- )Jt-- ) e; , - I\ 1, ~:; -::. 
1 . ) 1 l ') ' l I ;i I :· )( I • / , I if t o( i. 

C2 = i't[t +}..(1+ t)C1 +AC2 ]dt ~1~ - {) / j . 1 11 
.H, 0 4 

\. 
0 ' y - ,, t- ( 1-U )oU C 1 + and 

⇒ [·1-1f
1
n+1'dfJT-1 +iT-=-Ff

1 t·rn J-c2·- -~~1 (l , ),' , / / \(' , - (( 7 
Jo \ i , I T L Jo J/~-- \. ~~ A t. v -- ) o< J ,·. 

By evaluating the integrals, we obtain a system of algebraic equation. · a ,··i 

( 1 -
3

"- ) C - AC = _:!_ I - .' ,\1 1 -' ,, 
2 1 2 2 I / ·1 . ~ () I 1() 

r..-

- SA C1 + ( 1 - _:!_ A ) C2 
= _:!_ 

6 2 3 I I 

I I 

\ ( I I 1/:, / I -- .\ r :1 .... ( 4) / :.-

The determinant D(A) of the system (4) is given by 
\ \ / 

-. 'e, ; ·ir I ,- i/ ::i • I ! !J 

1 _ 3A 
2 

SA 

6 

_,,_ = ( 1- 3l ) ( 1 - ~ -) - 5}.2 ;t 0 
1 - E" 2 2 6 l 

2 

Since D(J .. ) -ct O, therefore, system (4) has a unique solution. 

( 
\ 
~ 

') 

(,... ' 

I ' '1' / 1 .f 
. 

( ( J: I - ,, 

6 + A 4 - A - \ ( . ! ' ,' 
and cl = 12- 24A-A.2' C2 = 12 - 24A - A.2 -~ -I 'I1 ;') .. ' .... (5) 

Hence, the solution of integral equation (1) is given by (2) and (5) such that 

EXAMPLE2 

u(x) = x + A 
2 

[10 + (6 + A)x ] ,\ ( I ,.,_ · -~ ~ 
(12-24A - A ) -- I\ ' e,: 

' ,.. \ ' ,- , . 

,\ ( g; .', I" --

1 ' 
Solve u(x) = e1 + A f 2e1 e1 u(t} dt . Jo I 

• • . 1,,,,.- ' • .I ( ' .• - ~, - _;_ -

[MEERUT-2002,06, 08, GARHWAL-2000,02] ,.., 

Solution : Here, the given equ~tion can be written as- A ( ".> / ~ ' ·) C 1 · \ ( 
1 

· 

\ , .. 
I I ,~ .. 

1 \ 
u(x) = er + 2Ae1 fo e1 

• u(t) dt 

Let C = J: e1 u(t) dt 

From (1) and (2), we have 
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.; I 
·. ,, ff 

⇒ u(t) = et (1 + 2CA) ·· · · · ·<4) 
Therefore, from (2), w e have 

C = J; [et. / (1 + 20 .. )] d t 

= (1 + 2Ct..) [ e2t ] 1 = (1 + 21..C) ! (e2 - 1) 
2 0 2 

1 - 2 1 i.e ., -C [l - A(e2 - 1) ] = - (e2 - 1) ⇒ C =- - ~e - l - where A * ~ 
2 __ --- - ~[1 -:-- A(e2 - 1)] __ __ - - e -- -

P~ttw~_fuis value ~ :(3), we obtained the solutipn of integr,~ ~-m!tion (l ) giv~n by 
u(x) = ex [ 1 + 2A.. . e2 - 1 . ] = ex [ 1 - A(e2 - 1) + A(e2 - 1)] 

2[1 - A(e2 - 1)] 1 - A.(e2 - 1) 

⇒ u(x) = e--2 , where A:#- -
1

-
1 - A.( e - 1) e2 - 1 

EXAMPLE3 

Solve the following integral equation 

u(x) = x + A J; (1 + sinx sin t) u(t) dt [KANPUR-1999} 

~°.~ution : The given integral equation_ c~-~ ~)Vritten as 

u(x) = x + A[ J; u(t) dt + sinx J; sint u(t) dt] 
= x + A [ C1 + C2 sin x ] 

where C1 = f: u(t) dt, C2 = f: sint u(t) dt 

From (1) and (2), we have 

C1 = f
0
1t[t+AC1 +AC2 sint]dt 

C2 = J: sin t [t + AC1 + AC2 sin t] dt 

⇒ C1 [ 1 - A J; dt ]- C2A J: sin 't dt = J; t dt 

⇒ - C
1 

A f"' sin t dt + C2 [ 1- A f~ sin2 t dt] = r t sin t dt Jo Jo, . o 
. ' -

Therefore, we obtain a system of algebraic equation by evaluating 
integrals. 

, . 7t2 
(l - l1t)C1 - 21C2 = -

2 

--2A c1 + ( 1- ; A) c2 = 11 

The determinant D(, .. ) of the system (3) is given by 

...... (1) 

.. .... (2) 

the above 

.. .... (3) 

• .,,. --~ • 
♦-

-tit 
" 9 ., 
I 

' 1 
~ 
1 

- 1 
~ 
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1

1 - Arr - 211. I ( ).. ) 
D(),) = ). 1t = (1 - ).. rr) 1 - ~ - 4). 2 .c 0 

-2A 1-- 2 
2 

Since, D(), .. ) ~ O, therefore the system (3) has a unique solution given by 

2l.u½n'(1~Ji.n) and . C = ·· . .1<(1/2A1t) - . 

C1 (1 '-- l.JIJ(1-½l.x y..: 4!.' - ' (1 - hi(?- ½).,r)'.. 4!.' ) 

Putting these values·:~[- C1 ·and ~~~in .(1), we obta~-the required sol~on o~ the ~ 

_ integral eq11a,tion·._(1), give!} by 

. - . 
1
--2!.x +½n'( t'-½).,r ) ,r(J - 2).,r) - , l 

u(x) ~ x +). (l - !.xJ(1-{Alt )+ 4).2 + (1- h J( (l - ½).n) + 4).2 )" sinx 

EXAMPLE4 

Find the solution of the integral equation 

(}~ 2it 

· --1;(1) u(x) = f (x) + A J
0 

(s inx cos t) u(t) dt 

Solution :-Here, the given equation can be written as 

· u(x) = f(x) + As in x·. J tcos t u(t) dt 

i.e., u(x) = f(x) + ).C sin x 

where C = ft cost u(t) dt 

⇒ u(l ) = f (t) + }..C sin t 

Put this value in (3), we get 

l2ir · l2n AC 2it 

C = cost [f(t) +).Csin t] dt = costf(t) dt +- f sin2tdt 
D , 0 2 Jo 

-!... __ 

= r 2lt cost f(t) dt + xc,[ - cos2t ] 21! 
Jo 2 I 2 0 

= flt costf(t)dt + ). Cf;_.!+I] ·= f 211 co s t f(t)d t 
0 2 L' 2 2 Jo 

. Putting this value in (2), we obtain the required solution, given by I 
u(x) = f(x) + l sinx ft f(t) cost dt 

i.e., u(x) = f (x) + Aft (sin x cost) f (t) dt 

.. .... (1) 

... ... (2) 

. .. ... (3) 

... .. . (4) 
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EXAMPLES 

Solve u(x) = 1 + f
0

1 
(1 + er+1

) u(t) dt 

Solution : Here, the given equation can be written as 

u(x) = 1 + f
0

1 
u(t) dt + / I f

0

1 
e1 u(t) dt 

. Let -- . cl = fo
1 

u_(_t) dt ~-

and _ C2 = J
0

1 
e1 u(t) d t ____ _ 

- : - . . 

Therefore, (1) gives 

u(x) =1 + cl + C2ex 

⇒ u( t) = 1 + C1 + C2e
1 

Put this value in (2), we get 

fMEERUT-2005, 06(BP)J 

..... . (1) 

.. °'. .. (2)' 

..... . (3) 

······<4) 
...... (5) 

C - f 1 I I 1 

1 = Jo (1 + C1 + C2e) dt = (t + C1t + C2e ]0 = 1 + C1 + C2 (e - 1) 

1 
C2 =----

(e - 1) ⇒ 

Similarly, from (3), we have 

c, = J:e
1
[l+C1 _:t-_C,e

1
Jdt = [ • ' +CJ!":r c, •:' I 

= e - 1 + cl (e -1) + c2 (e2 - 1) 
2 

1 e2 - 1 
⇒ --- = e -1 + C1(e- 1) 

(e - 1) 2(e - 1) 

⇒ 

⇒ 

Cl ( e - 1) = - _1_ - ( e - 1) 
e-1 2 

C _ -(e2 
- 4e + 5) 

1 
- 2(e - 1)2 

Using (6) and (7) in (4), the required solution is given by 

u(x) = 1 - e2-4e+5 _L 
2(e -1)2 _ _e - J 

e2 - 2e -1 ex e2 - 3- 2e1 (e-1) 

⇒ u(x) = 2 -
- = 

2( e - 1) e - 1 2( e - 1 )2 

... .. . (6) 

... ... (7) 

@/ _ EXAMPLE 6 

1 
€.ii Solve u(x) = x + A J0

1 
(x/

2 + tr
2

) u(t) dt 

Solution : Here, the given equation can be written as 
r j 

'f 
j I 
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Let 

and 

u(x) = x + A J: (xt 2 + tx2
) u(t) dt 

= x + Ax J: t2 
u(t) dt + Ax2 J: t u(t) dt 

c l = I: t2 u(t) dt 

C2 = J; t u(t) dt 

fut-ting these values in (1), we get 
u(x) = x + AC1x + ).. C2x2 

~⇒ _: u(t) = t + ACif + )..C2t2 

Putting this value in (2), we get -

c l = r t2{t + A.Cit +AC2t2) dt = [ ~ + 11. Cl + >..Cif
5 

]

1 

0 4 4 5 0 

_ 1 >..C1 >..C2 --+-+-
4 4 5 

Similarly, from (3), we get 

[ ]

1 1 t3 'A C t3 'A C t 4 
C2 = f t(t + 'AC1t + >..Cif2

) dt = -+-1- +-2-Jo 3 3 4 
0 

i.e ., -4'A C1 + (12 - 3'A) C2 = 4 

On solving (6) and (7), we get 

C _ 60 + >.. and C = 80 _ 1 
- 240-120'A->..2 2 240-120'A->..2 

Pu tting these values in (4), we get the required solution, given by 
'Ax(60 + >..) 80Ax2 

u(x) = x + -24_0 ___ 1_2_0>..--->..-=-2 + -24_0 ___ 1_2_0>..---A-=-2 

⇒ 
u(x) = (240 - 60>..)x ~-80Ax

2 

240-120~ - A2 

EXAMPLE7 

Solve the following integral equation 

u(x) = _§_ (1 - 4x) + A 11 
(x log t - t log x) u(t) dt 5 0 

Solution : The given equation can be written as 

u(x) = ~ (1-4x) + A[ x J:Iogt _u(t) dt -logx J: t u(t) dt] 

6 = 5 (1 - 4x) + A(C1x - C2 log x) 

75 

······(1) 

.... .. (2) 

... .. . (3) 

--- ___ ... . _ .. (4) 

...... (5) 

.... .. (6) 

...... (7) 

.. .... (1) 

... ... (2) 
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¥ • 

.,, ·( '¼ 

where C1 = J: log t u(t) dt , C2 = f: t u(t) dt ·· · ··· <3) 
f, , 

Using (2) in (3), we have 
... -
' '-

C1 = J:logt [~ (l - 4t) + l.(C1t -C2 Jog t) ]at 

and 

or 

C, = J: t[ ~ (1 - 41) +l.(C11-C2 log !) ] dt 

~; [ 1 - ~ J: t iog t dt ] + ~(, J: (fog t(dt = D; (1 - 41) log t dt 

and ~A c l J;o-

1 
t
2
dt +~c;[1 + A-r1 

t l_og t aq ~-~ r1 t (1 - 4t ) d t 
Jo - ~ Jo _ 

or cl = [ 1 - i.(½ 1
2 

logt - ¾1
2 
): ] + i.c,[ t(logt\2 - 2(t log t - t) J: 

= E[ (t - 2t
2

) log t - (t - t2 ) J; 

- ). ~ 1 ( ! t3 
) 

1 

+ C2 [ 1 + A ( ! t2 Io g t - ..!_ t 2 
) 

1 

] = ~ [ !:_ - _i t3 ] 

1 

3 0 2 4 0 52 3 0 
and 

or ·· _ ~:J ~ +_,¾ ]+ 21.C2 - ~ 0 · 
. _--. - ~ .;::• .. . ":....,;;-__ __ _ - :.__ ~ --- ---

-Cl (A/ 3) + (1 - A/ 4) C2 = - 1 .. : .. . ( 4 ) - '.- -. -; 

On solving, we get 

4+). (). 16- A2 J 
C2 = -~ C1 ⇒ 3 + 3 2A C1 = 1 

⇒ 
C _ 96). and C =-4+A 96A = 12(4+1,.,) 

1 
- 48 +29A2 2 8A . 48+29A2 48+291,.,2 

Now, putting the values of C1 and C2 in (2), the required_ solution of the equation 

is given by 

6 [ 96lx 12(4+A) logx] 
u(x) = S(l - 4x ) + A 48 + 29A2 + 48+ 29~? 

or u(x) =i(1- 4x)+ 
48 

2 [21.2x+(A+)..2Jlogx] 
5 48 + 2911. , 4 

i 

EXAMPLES 

Solve the integral equation 

u(x) = cosx + A J
0

11 

sinx u(t) dt [GARHWAL-2001] 

Solution : The given equation can be written as 
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Solution of Fredholm Integral Equations 

Let 

u(x) = cosx + Asinx foit u(t) dt 

C = f
0

11 

u(t) dt 

Then from (1 ), we have 

u(x) = cosx + 11, Cs inx 

⇒ u(t) =cost + AC sin t 

Putting ~ va-I1:1e in (2), we get 

C~ f" (cos t + ~Csin t)·dt · ,· Jo .. 

'= · [ s in t J; + A C [ ~ cos t J; _ 
= 0 + AC[- cosn+cos0J 

⇒ C = 2AC 

⇒ C(1 - 2A) = 0 ⇒ 

1 
Hence, the required solu tion is given by u(x) = cosx, if A :t: - • 

2 

EXAMPL1{9 \ · 

Solve the integral equation 
!10. .f (:A f1t 

77 

... .. . (1) 

. .. ... (2) 

.. .. .. (3) 

...... (1) 

~ra LY u(x) = cos X + A Jo sin(x - t) u(t) dt 

r§j? [MEERUT-2007, 07(BP), KANPUR-2002] 

Solution: The given equation can be written as 

Let 

u(x) = cos x + A J: (s in x cos t - cosx sin t) u(t) dt 

= cos x + A sin x f
0
1t cos t u(t) dt -A cos x f

0
1t sin t u(t ) dt 

C1 = J
0
1t cos t u(t) dt 

_and C2 = { sin t u(t) dt 

Putting these values in (1), we get 

u(x) = cos x + AC1 sin x:... AC2 cosx 

⇒ u(t) =cost+ AC1 sin t - AC2 cost 

Putting this value in (2), we get 

C1 = J
0
xcost(cost +AC1 sin t -AC2 cos t)dt 

... ... (1) 

... .. . (2) 

...... (3) 

...... (4) 

.. .... (5) 
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⇒ C1 = f
0
• [ (1 - l C2 )cos2 tdt +½ AC1 s in2t ]dt 

!• 1 + cos 2t AC ix = (1 - lC2 ) - - - dt +- 1 s in2tdt 
0 2 2 0 

= 1 - A. C2 [ t + sin 2t ] lt + A c l [ - CO s 2t ] lt 

2 2 0 2 2 0 

. . . _l -' 11. C2 
( 1 = _

2 
. . 1t _ _ ~r _ · 2C1 + A 7t_ ~ 2 = 1t ··· ···(6) 

Similarly, fro¢ _{-3),we-mc!y get 

= l - AC2 r~ sin2tdt + t.. Ci rx(1 - co s 2t)dt 
2 Jo 2 Jo 

= 1 - AC2 [ - cos2t ]
11 

+ AC1 [t-s in 2t ]1t 
2 2 0 2 2 0 

⇒ C 2 = AC11t 
2 

······(7) 

21t A 1t
2 

On solving ( 6) and (7) for C1 and C2 , we get C1 = 
4 

+ 'J..2n2 , _ C2 = 4 + A 21t2 

Hence,_ tpe r~uir~g,~9Jutio!} of integral equation (1) is given by 

() 21tAsinx A.21t2 cos x [l A.
21t2 ] 2n').s in x u x =cosx+------- = cosx ----,,-~ +-----

4 + A 21t2 4 + A 21t2 4 + A 21t2 4 + A 21t2 

⇒ ( ) 
4cos x + 21tA sinx 

U X = ---~,=-----
4 + A 21t2 

EXAMPLE 10' 

~ Solve the integral equation 

\),I':' u(x) - Arlt (x cos f + t2 sin X + cos X sin t) u(t) dt = X [GARHW AL-2000] 

Solution : The given equation can be written as 

u(x) = X + Ar lt (x cost+ t2 sin X + cos X sin t) u(t) dt 

=x + 1.xf_:cost u(t) dt + A sinx fx t
2 u(t) dt + 1. cosx f.si n t u(t) dt 

Let us assume 

C1 = J: cos t u(t) dt 

C2 = J_: t2 u(t) dt 

... .. . (1) 

··· ···<2) 

...... (3) 
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Solution o f Fredholm Integral Equations 

and C3 = rll sin f u(t) dt 

Putting all these values in (1), we get 

u(x) = x + A C1x + ).. C2 sin x + A cos x.C3 

⇒ u(t) = t + )..C1t + AC2 sint + ).C3 .cost 

Putting the value of u(t) in (2), we get 

C1 = f
11 
cost (t + t.. C1t + ).C2 sin t + ;A. C3 cost) dt 

= (1 + AC1) f.J cos t dt + 1..C2 L: sint cost dt + A. C; rlt cos
2 

t dt 

79 

..... . (4) 

...... (5) 

...... (6) 

= 0 + 0 + 2A C3 fo
11 
cos2 t dt - [·: t_cost and sintcost are odd functions] -

⇒ C1 = 2A C3fo1t (1 +c2os 2t) dt = AC3[ t + si~2t I 

⇒ C1 - ).nC3 = 0 

Similarly, putting the value of u(t) (from (6)) in (3), we get 

C2 = f / 2 (t + AC1t + 1. C2 s in t + ).C3 cos t) dt 

= (1 + t..C1 ) f/3 dt + t..C2 rll t2 sin f dt + A.C3 f,J2 
cos t dt 

= 2').. C-- ,-ic t2 cos f dt .:~-- --
3 Jo 

⇒ C2 = 2A.C3 [(t2 s in t) J: - 2A.C3 f0x2tsintdt = - 4A.C3f:tt-. sintdt 

= -4AC3 [ ft (- cos t) ]; - f
0

11

(-co st)dt ] = -4). C3[ rr+ f
0

11

costdt ] 

= -4A. 1tC3 - 4A1tC3 [ sin t ]; 

. ... .. (7) 

⇒ C2 + 411.1tC3 = 0 .. .... (8) 

Again, putting the value of u(t) [from (6)] in (4), we get 

C3 = fx sin t (t + t-. C1t + 1-.C2 sin t + A.C3 cos t ) dt 
i 

= (1 + 1-. Ci) (/ sin t ~t +t-. C2 fx sin2 t dt + t-.C3 f
11 

sin t cost dt 

= 2(1 + AC1 ) J
0
" t s in t dt + 21i.C2 f0" sin2 t dt + 0 

[ ( ] " f" ] f" 1 - cos 2t = 2(1 + AC1) t(- cost) 0 - Jo (-cos t) dt + 2t. C2 Jo 
2 

dt 

[ 

• 2 ] " . sm t 
= 2(1 + AC1) [ 1t + (sm t) ~] +A C2 t - --

' 2 0 
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Integral Equations and Boundary Va u , 

⇒ 

⇒ - 2>..C1rr - >..rr C2 + C
3 

== 2n 

On solving (7), (8) and (9), we get 

- 21t2>.. C == - 8n2). C == i1t 

·· · ···<9) 

c, - 1 + 2). 
2
n

2 
' 

2 
1 + 2A 2n' ' 3 1 + 2Pn' . 

· . • · given by 
Putting all these values of c, (i = !, 2, 3) in (5), the requrred solution IS 

• ·· 21t
2

). 
2

; · 8n2,? sin-x . 21tA cos x . ! ' 

u(x) = x + l + 2A 2n2 · 1 + 2A 2n2 + 1 + 2A 
2
n

2 

EXAMPLE/11 

Solve the integral equation 

u(x ) == f (x) + A J
0

1 
(x + t) u(t) dt 

Soiution : The given equation can be written as 

u(x) == J(x) + Ax J: u(t) dt +). J: t u(t) dt 

Let us assume 

c1 == f: u(t) dt 

and C2 == J: t u(t) dt 

Putting the value of C1 and C
2 

in (1), we get 

u(x) == f(x) + AXC
1 

+ AC
2 

⇒ u(t) == J(t) + AtC
1 

+ AC
2 

Putting this value of u(t) in (2), we get 

⇒ 

c, = J:[J(t) +Ate,+ Ac, J dt = J: f(t) dt nc, [ 1; J: He, [ 
1 

g 

C A.Cl 
1 == f1 2 + A C2 

where / 1 == J: f (t) dt 

Similarly, putting the value ofu(t) in (3), we get 

C2::: I: t [J(t) + AtC1 + AC2] dt 

= 1:1 f(t )dt Hc,[ a He,[ 1; I 

.... .. (1) 

······<2) 

..... . (3) 

··· ···<4) 

...... (5) 

... .. . (6) 

. ... .. (7) 

c;:.. 
I" 

p 
ti 
(: 

~ 
c, 

\l 
-..... 
t 
C 

1' 
w 

!:. 

' 
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Solution of Fredholm Integral Equations 

= !2 + A.Cl + A.C2 
3 2 

where / 2 = J~ t J(t) dt 

From (6) and (8), we can write 

(2 - >..)C1 - 2A C2 = 2/1 

-2AC1 + 3(2 - A) C2 = 6/ 2 

On solving (10) and (11), we ge~ , 

- C = 6(t - 2) / 1 - 12A.f2 . C _ - 4A/1 + 6(>.. - 2) / 2 1 
A 2 + 12A. - 12 ' 2 

- J..2 + 1 n - 12 
P\l!fing the valu~s pf. C1 and C2 · in ( 4 ), ,we get · 

. . . (. ) - J( .) · "A. x{6(f- 2) ]1 - 12A/ 2 } .. . 'I -4"Af
1 +6("A- 2)/2 ll X - X + ------,,--"---_..:;...;:;__, t /1, . 

"A.2 +12A. - 12 A2 +12A-1 2 
== f (x) + A f1 {6x("A - 2) - 4"A} + f 2 {6( "A. - 2) - 12h } 

"A.2 +12A-12 

81 

... ... (8) 

...... (9) 

. ... .. (10) 

...... (11) 

= f (x) + 2 A [ {6x(ti. - 2)- 4"A.} r1 
J(t) dt + {6(A - 2) -121..x} f

1 
t j(t) dt ] A + 12A. - 12 Jo Jo 

= f (x) + 2 ). [ J1 
{6x(A - 2)- 4A} J(t) dt + r1 

(6(). - 2)-12).x} t J(t) dt] ). + 12). - 12 o Jo 

⇒ . u(x) = f(x) _+ 2 " [ J~ 6(1. - 2)(.x + t)- 121.xt - 41.] / (t) dt . . - . A + 121. - 12 

Hence u(x) = f(x) +=i.·11 6(A -2}{x + t) -12ht- 41. f(t) dt 
o A.2 +12A-12 

which is the required solution of given integral equation. 

EXAMPLE 12' 

Show that the integral equation 

u(x) = f(x) + _! J2it sin(x + t) u(t) dt 
7t 0 

possesses 110 solution for f (x) = x, but it possesses infinitely many solutions when /(x)=1 . 

Solution: The given equation can be written as 
sin x 1211 cos x J2ll . u(x) = f (x) + -- ,cost u(t) dt + -- sin t u(t) dt 

7t O 7t 0 

Let C1 = J:11 

cost u(t) dt 

and C2 = J:11 

sin t u(t) dt 

Putting these values in (1 ), we get 

() !() 
C1 sinx C2 cosx 

U X = X +~-+---"--
1t 1t 

Now, there are following cases that arise: 

...... (1) 

.. .... (2) 

.. ... . (3) 
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82 V I Problems Integral Equations a nd Boundary a ue 

Case I : Let f (x) = x 

Put f(x) = x in (4), we get 

⇒ 

( ) 
C1 s in x C2 cos x U X = X +-'---- + ~--

1t 7t 

() t C1 sint C2 cost ut = + -----=---- - +---
7t . 7t 

Putting. the values of u(t) in (2), we get 

⇒ 

c _ f 2" t ( t C1 sin t C2 cos t ) d 1 - 0 cos + --"-- - +~-- t 
.. 7t 7t 

Ci =;;: J:"t cost dt + _Ci r211 
s in2t dt + Ci fix (1 + cos 2t) d t . . 21t Jo 21t o 

[ 
• 211 r211 C [ cos2t ] 2

x C [ s in 2t ]
2

x = tsmt ]0 - Ji sin t d t + - 1 --- + 2 t +--
0 21t 2 0 21t 2 0 

C = - [ - cos t ]~11 + i [ 2n - O] 
2n 

⇒ C1 - C2 = 0 

Similarly, putting the values of u(t) in (3), we get 

C2 = s:n si l\ t [t + C1 : in t+ C2:os t]dt 

= f
2

7t ts intdt + c. f
211

(1-cos 2t) dt+ Ci J211
sin2tdt Jo 21t Jo 21t o 

·· · · ··(5) 

······<6) 

··· ·· ·<7) 

[ ] 211 I2x C1 [ s in 2t ]
211 

C2 [ = - tcost - (-cos t)dt +- t --- · +-0 0 21t 2 0 21t 
cos 2t ]

211 

2 0 

= -21t+[sint g 11 +C1 (2n + O) 
21t 

⇒ C1 - C2 = 2n .. ... . (8) 
Clearly, the system of equation (7) and (8) is inconsistent and therfore, it possesses no solution. 

Case II : If f (x) = 1 

Putting f(x) = 1 in (4), we get 

( ) 1 
C1 si nx C2 cos x U X = + -----"--- + ~--

7t 1t 

() 1 
C1 sint C2 cos t '. ⇒ ut = +~--+------

n 7t 

Putting the values of u(t) [From (10)] in (2), we get 

C _ i2x ( 1 C1 sin t C2 cost ) dt 1 - cost +--=---+--=---o 1t 1t 

i
2 11 C f 211 . C2 1211 ,⇒ C1 = cost dt + - 1 sin2t dt +- (1 + cos 2t) dt o 21t o 2n o 

·· ·· · ·<9) 

... ... (10) 
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⇒ 

i.e., C1 = -
3

- J1 
t f (t ) dt 

3 - 2:i.. - l 

Similarly, putting the value of u(t) in (3), we get 

½ = f/ 2 
[ f(t) + }, Cif + A½t2

] d t = 

f / J(t) dt + AC1[ ~I +H:,[ ~I. 
-~ f1 iJ(t) __ d{ + ~~5~ -

5 fl 2 C2 =-,.. - t f(t) dt 
::> - 21. -1 

⇒ 

Putting the values of C1 and C2 in (4), we get 

3Ax f 1 5).x 2 fl 2 u(x) = f(x) + -- t f(t) dt + -- t f( t) dt 
3 - 2}.. -1 5 - 2). -1 

1 { 3xt 5x
2
t
2 

} = f(x)+AL 3-2}. +5-2}. f(t)dt 

which is the required solution of the given integral equation. 
The resolvent kernel R(x, t; .l.) is given by 

R(; -) : >-) = ~ + 5x2t2 
' ' 3- 21-.. 5- 2A 

_ ~ EXAMPLE 14 

. ") · · · · · ·(o 

.... .. (7) 

.. --. . (8) 

. ~ Solve -the integral equation and discuss all possible cases with the method of degenerate - \;r kemels 

u(x)= F(x) + 1-.. J
0

1 
(1 - 3xt) u(t) dt 

[MEERUf-1990, 92, 93, 94, 97, 2002, 04, 06, 08] 
Solution : The given equation can be written as 

u(x) = F(x) + 1-.[C1 - 3Cix] "- -_ ~ . ..... (1 ) 

where, C1 = J: u(t) dt, C2 = J: t u(t) dt 

Putting the value of u(t) from (1) in .(2),·we get 

C1 = f:[F(t)+AC1 -3C2)..t)jdt 

and C2 = J: t [F(t) +1-. C1 -3C2At]dt 

⇒ c1[1-AJ:at]+:,c;lJ:tdt= J:F(t)d t 
and -C1AJ: dt +c2 [1+3)..J

0

1 
tdt]= J: tF(t)dt 

.. .... (2) 

.... 
-· r 4 

)' 
• f 

I '° . 
t ~ 
_f 
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f 
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Solution of Fredholm Integral Equations 

~ C1 (1 - A) + ~ A.C
2 

= r1 
F(t) dt : ,,- · 

2 Jo 
1 rI and - 2 C1A. + (1+1) C2 = Jot F(t) dt 

The determinant of this system is given by 

l - 11. ~ A. 2 A 2 
D(A) = _ ., 

1
. = 1 - -. 4 

-- A 1 t A 
2 . , 

85 

······<3) 

⇒ . A-~iqu~·solutio~-exists if and only if-,._·; ±2 . - · - : ~ 
_ Particular-Iy, j.f F(x) = 0 and , then only ~iyial solution exists and _given h~ u(x) =: 0 :. -. _ 
:If ). :.-~. I:~/ .th~A (g) :gives ~ . - - ' . 

. -' -:- . .. ,. . 1· -

- C1 + 3C2 = f
0 

F(t) dt and - C1 + 3C2 = f
0

1 
t F(t) dt ·· ····<4) 

If A= - 2, then (3) gives 

cl - C2 = _!_ r1 
F(t) d t and 

3 Jo 
...... (5) 

The equation (4) and (5) are incompatible unless the function F(t) satisfies the 
condition , 

r1 
F(t) dt = r1

1 F(t ) dt Jo - Jo 

⇒ f
0

1 
(1 - t) F(t) dt = 0 

and ½ f
0

1 
F(t) dt = J: tF(t) dt ⇒ f

0
\ 1 -3t)F(t)dt 

. '/. ·\ 

. .... . (6) 

.... .. (7) 

When F(x) = 0, then the given integral equation becomes the, homogeneous integral 
equation. If A.= +2 and F(x) = 0,. equations (4) are redundant and either equation 
gives the condition C1 = 3C2 • Therefore, the solution becomes . . · · ·) "1 

- - - - :, .. -. 
u(x) = A(J - x) ; A.= +2 ., ·' - ·:: ,: •./ 1 

.. .. .. (8) . 
. -~ ' '' . 

h C . - ,.:;;, "' . .... , w en A = 6 2 - ,, ~ • c . , < r· 
- ' ) 

Hence, the function (1 - x) is the eigenfunction corresponding to the eigen value -
A= +2 . r-. ( ., . _ 

Similarly, equation (5) gives , , y ·· • ·· · . ,. 
, ) ( ,) 

u(x) = B(1 - 3x) ; A= -\2, where B = -2C1 • ...._ 
-

Therefore, the function (1 - 3x) .is the eigen function corresponding to the eigen 

value A. = - 2 . The solution (1) •shows that any solution of the given integral 
equation may be expressed as the sum of F(x) and some linear combination of the 
eigen function 

u(x) = F(x)+ C(l - x) + D(l - 3x) 

A 
an d D = -(3C2 -C1) 

2 

.. ... . (10) 

f ,.·· 
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In the non-homogeneous case f(x)-:;:. o, a unique solution exists if "- -P ±Z · If ,._ = + 2 , the equation (6) shows that no solution exists unless F(t) is orthogonal to (l - t) over the in terval (0, 1). Then, from (4), we have ~ 

C1 = 3C2 - s: F(t) dt 

Therefore, the solution of the integral equation is given by 
u(x) = F(x) - 2 s: F(t) dt +A(l - x) 

. 1 
when "- = 2, then J

0 
(1 - t) F(t) dt = O and A = 6C2 • 

····· ·<11) 

, T~en, infinitely .many solution exist, different from each other by a multiple of an eigen functi~n . . ,- . . . . . 

Similarly, if A= - 2 , thf>re exists no solution unless F(x) is orthogonal to (1 - 3x) 
over (0, 1) , in whirh. r - _2 :niinitely many solutions exist. 

When "- = - 2 , u(x) = F(x) - 3_ i
1 

F( t) dt +B(1 - 3x) 3 Jo 

where f: (1 - 3t) F(t) dt = 0 and B = -2C2 . 

EXAMPLE15 

Solve the following integral equation, using method of degenerate kernels 
r2x u(x) = x +AJo l1t- t ls inx u(t)dt 

Solution : The given equation can be written as / 
u(x ) = X + A fol( (1t - t) s in X u(t) dt + A s:lt (t -1t) s i n X u(t ) dt 

Let C1 = J
0

11 

(1t - t) u(t) dt 

and J
2,c 

C2 = 
11 

(t-n)u( t) dt 

Therefore, from equation (1), we get 
u(x) = x + AC1 sin x + As i n x C2 

u( t ) = t + A C1 sin t + As in t. C2 

From equation (2) and (4), we get 

C1 = fox {1t - t) [ t + s int (lC1 -~ l C2)-dt 

= fox 1t[ t +s int(lC1 +J..C2)dt - J: t[t+sint(lC1 +lC2 )dt 

Let 11 =7t f: [ t+ s in t(l C1 + l C2)dt and 

[
2

= f: [t2 + l(C1 +C2 ). fsint ]dt 

... ... (1) 

·· ···· <2) 

... .. . (3) 

. ... .. (4) 

~ - , 

~ 
~ 
,t 

'I. 

~ 
~ 
~ -• \, 

-~ 

8 
~ 
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Solution of Fredholm Integral Equations 87 

⇒ 

Again, 

Now, 

and 

7t3 . 

= 2 - rr).(C1 +C2 )[ cos rr - cos0] 

7t3 

11 = - - 21tA(C1 + C2 ) 
2 

= n [ ~ - (A C1 + A C2 ) cos I I 

12 = fox [t2 + >.,(C1 +C2 )t sint]dt = [ t~/ _3 J;.+ f· i.sint. >., (C1 +C2 )dt 
3 . - . 

= ~ + [ ~ ~ le o s t J ~ + f 
0
x cos t d t ] A (C1 + C2 ) 

. 3 . . -

= ~ ·- [ n: cos rr - OcosO - [s int] ; ] 11.(C1 +C2) - -

1t3 1t3 
= - + [ 1t +s in1t -s inO JA.(C1 + C2) = - + ).(C1 + C2)rr 

3 3 
7t3 1t3 

C1 =-+ 2).rr(C1 + C2)--- A1t {C1 + C2 ) 
2 _ 3 

1t3 -

= - + A1t (C1 + C2 ) ...• •. (5) 
6 

C2 = J: 11 

(t - 1t)[ t + >.. (C1 + C2 ) sin t] dt 
~ 

= (
11 

tJJ _tA(C1 +C2 )sint]dt - 1tJ:" t [t + A(C1 +C2 ) s in t ]d t 

= frc t 2 dt + f
0

211
11.(C1 + C2 ) t s intdt-1t J:x tdt - 1t.A(C1 +C2 ) J:rcsintdt 

[ 
l3 ] 

271 
[ 2x ] 21t = 3 rc + 11.(C1 + C2 ) (-tc ost) - L 1(-cost) dt 7t 

- n [ 
1
: r - nA(C1 + C2 )[-cos t ]!' 

=.![8n3 -rr3
] + t..(C1 + C2)[-2rr.cos 21t+ 1t cos1t+[sint]~rc] 

3 

-f [ 41t2 
- 1t2 

] - d.(C1 + C2 ) [ - co s 2n + cos ,1] 

71t3 . ' 31t3 =3 +11. (C1 +C2 ){ [-21t -1t] +0 }-2 -1tA {C1 +C2 )[-1-1] 

71t3 31t3 
= 3 + 11. (C1 + C2 ) (- 3n)- 2 + 2A 1t (C1 + C2 ) 

51t3 
= 6 + A(C1 + C2)[ -31t + 21t ] 

,\ 
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S1t3 
C2 = - - l 1t (C1 + C2 ) 

6 
Solving (5) and (6), we have 

7t3 
C1 = - + 1t4A 

6 
S1t3 

C2 = - -1t4A 
6 

r 
..,,. I 

·using the values of C1 and C2 from (7) in (4), we have 

. , u<x) = X: i.,[: + A1t
4 
lsin HAsinx [ s:' - A1t

4
] 

, l ...... (6) 

( I i • •• ' •• • • (7) 

I 
I t 

~ 

. l 1t3 
• SA 1t

3 
2 4 2 4 • \.. , = x + - s1n x + -- sinx + ').. 1t sinx - A. 1t sm x 

6A.7t3 . 
= x+- s1n x 

6 6 6 
u(x) = x + A.1t3 -. in x 

is the required solution of the given integral equation. 

EXAMPLE 16 

Solve the following integral equation, using method of degenerate kernels 

u(x) - A. J; cos(log tq) u(t) dt = 1 

Solution : We have 

u(x) =1 ·+).. J: cos {l ogtq) u(t) dt 

Let C = f: cos(log tq) u(t) dt 

i.e., u(x) = 1 + AC ⇒ u(t) = 1 + A.C 
Putting the value of u(t) in C, we get 

C = s; cos (lo g tq) (1 + AC) dt = (1 + AC) I: cos (l og tq) dt 

ezf q 
Now,let l ogtq=z ⇒ tq=e2 ⇒ t=ezfq ⇒ dt=-dz 

q 

(1 
'\C) 11 cos z . ezfq d (1 + i..C) 11 z/q d = + /\, --.----. z = -'------'- e . cos z z 

0 q q 0 

= · · , -cosz+sin z 
(1 + 11, C) [ ez I q r 1 ] 

1 

] 

q (1/ q)2 + 1 q o 

= -'------ _ __.:.____ -cos(logtq) + s1n(logtq) (1 + AC) [ q2t [ 1 . ] 
1 

] 
q (1 + q2) q 0 

= ...;,..,.;...__ - cosO + s1n0 -O(A) .. _ q(1 + AC) [ 1 . ] 
(1 + q2) q 

...... (1) 
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Solution of Fredholm Integral Equations 

⇒ C = (l + "J-.. C) ⇒ C [ (1 + q2 ) - A] = 1 ⇒ C = l 
(1 + q2

) (1 + q2
) - "J-.. 

i.e., 1 u(x) = l+"J-..---
(1 + q2 

) - A 

EXAMPLE 17 

- A+ 1 + q2 + A 

(1 +q2 - A) 

1 +q2 

1 + q2 -1,. 

Using the method of dege1Jerate kernels, solve the_ integral equation 

_u(l)_- if: log (l/ t) P u(t) d-t = 1 -

Soiutlo~·::w~·have •; .---

-- i _ u(~f~-1 + 1,. ( ,l~g{l / t) P u(t) dt 

Let C = J: lo g (l / t)P u(t ) dt 

becomes equation (1), we get 
u(x) =1 + AC 

or u(t) = l + "J-..C 

From equation (2) and (3), we get 

C = s: log(l / t)P (1 + "J-..C) dt 

Putting- io g_(l / t) = z ⇒ _t = e-z ⇒ dt = - e-z dz 

and w_hen t =J , then z = 0 and when t = 0, then z = oo • _-; 

89 

. .. . .. (2) 

..... . (3) 

C = (1 + 1..C) f: e-z zP .dz 
[ 

·: fp = f: e-z zP-l dz ] 

an d jp + 1 = J
0
aJ e-z zP dz 

C = (1 + AC) Ip + 1 

C (1 - A.IP+ 1) =IP+ 1 

Hence, u(x) = 1 + A.fp+'l = l - A.fp+'l + 1..fp+'l = 1 

. 1-Alp+l 1-Alp+l 1-Ajp+l 

l 
I 

(1) Solve the following integral equations, using method of degenerate kernels 
9 

f.) ·Ji) u(x) = f( x) +Ar xt u(\) dt. ' \ 1 ' 
• J 

~ 0 

(ii) u(x) = tan-1 X + J1 
esin-l r u(t) dt 

-1 

(iii) u(x) = sec x tan x - A f: u(t) dt 
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